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POLYNOKIAl  SOLUTIONS 


The  Pifferantlal  Equation 

Consider  the  dlffareatial  equatiOD  of  the  sixth  order 
(1.1)  q(x)yn*  r(x)y^\  s(x)y^  * u(x)y^t  loV(x)yn  • 0, 

lAere  the  coefficients  p,  q,  r,  e,  t,  u,  and  v,  none  of  mich  ranlsh 
identically,  are  ossuined  to  be  real  polynomials  in  the  real  variable  x, 
and  Iji  is  a polynomial  in  n. 


Ponn  of  Solutions 


PolynoHiiala  of  the  form 


are  desired  as  solutions  of  the  differential  equation  (l.l).  A solution 


nie  requirdDdnt  of  the  nanbera  of  (1.5)  to  be  solutions  of  the 
differential  equation  (l.l)  will  inpoae  uertain  raetrictione  on  the 
eoeffioienta  p,  q,  r,  e,  t,  u,  and  v of  equation  (1.1). 

Ihe  solution  • *oo  • “ ®oo  1®  ^ ® solution  of 

equation  (1.1),  then 

(1.4)  V(»)ag^.O, 

Since  v(x)  0 and  a^^  ^ 0,  then  - 0.  Ihis  requirenent  inqioses  no 
restrictions  on  p,  q,  r,  a,  t,  u,  and  v. 

rne  aolution  Yi  . a^,^?:  * If  yj  . a^^x  ♦ is  to  bo  a 

solution  of  aquation  (l.l),  then 

(1.5)  u(*)a^j»  Xjv(*)(a^^x  * a^)  * 0. 

Since  a,i,iO,  then  ^ 0.  as  u(x)  would  vanish  identically  for 
• 0.  division  of  equation  (1.5)  by  v(x)  yields 

(1.6)  U(x)  s^  . - ^ {a„ix  V aji)  ^ 0. 

Hence  tl(x)  is  a polynomial  of  degreo  one,  and  equation  (1.1)  bsccmse 

(1.7)  p(x)y^.q(x)yn*  r(x)yo''»  a(x)yn  '*  t(x)y”*  v(x)U(x)y^-  \,-’lx)ya  . 0. 

The  aolution  yj  . a^j^i  . SjgX  ♦ Sjj.  If  yg  . a^jx*  » ajgx  » agg 
is  to  be  a aolution  of  equation  (1.7),  then 

(1.8)  8t(x)aog  ♦ t(x)U(x)(2aj,gx  . a^g)  * \gv(x)(a^gx^  * a^gx  . agg)  a 0. 


Division  of  equation  (1.8)  by  v(x)  yields 

“■•>  «">  - IS 

• - •*■  ®12)  * V*oa**  * ®12*  ‘ ^ °- 

Henoe,  I(»)  is  a polynomial  of  degree  twj,  at  most.  Equation  (1.7) 

(I.IO)  p(x)yj[^.  q(*)y„t  s(x)y”'»  v(x)T(x)y^' 

. v(x)«(i)y^  ♦ \i’^*)yn  • 0. 

The  solution  y^  . a^^x^  * i^gX^  « Sg,x  « a^^.  If  this  solution 
is  to  satisfy  equation  (l.lo),  then 
(l.U)  6s(x)e^j  * v(x)T(x)(6a^jX  * 2a„) 

• r(x)D(xKSag5X*  » ESjjX  ♦ Ojj) 

. '^S^*)(aojx5  . ajjx*  * agjx  . Sjj)  . 0. 

Division  of  equation  (1.11)  by  v(x)  yields 
(i.ia)  s(x)s^ 

• - * 2a^j)  t U(x)(Sa,3X*  . 2ajjx  » ajj) 

* ’‘s^^os*  * ‘is*  * ‘as*  * ‘ss^J  ^ 0- 

Hence,  S(x)  is  a polynomial  of  degree  three,  at  most.  Equation  (1.10) 


(I.IS)  * q(x)7iJ  - * v(x)S(*)y|,"  . v(x)T(x)y^' 

. v(x)U(x)y|,  . \,y<i)y„  . 0. 

solution  y^  • "*  ®14*^  * * ®34*  * *44'  tills 

solution  Is  to  satlslV  equation  (1.13),  then 

(1.14)  24r(x)a^^  . v(x)S(x)(84a|,4X  ♦ Sa^^) 

. v(x)T(x)(12a„,x*  . 6aj^x  ♦ aa^^) 

. »(x)U(x)(4agji*  * ^14**  ■*  *®Z4*  * ®S4^ 

* Xjv(x)(ag^x  ♦ a^^x  ♦ aj^x  ♦ aj4X  * a^^)  s 0. 

Division  of  equation  (1.14)  by  v(x)  yields 

(1.15)  R(x) 

• ■ 

. T(x)(l2a„4X^  ♦ 6a^4X  . 28^4) 

* U(x)(4a,4X®  * S8j^4X*  * 2aj4X  * 854) 

* ’'4(®o4*^  • ®14**  * «24*^  * ®34*  * »44>3  * 0. 

Henoo  R(x)  is  a polynomial  of  degree  four,  at  noet.  Equation  (1.13) 

(1.16)  p(i)y^  * q(x)y^  » 7(x)R(x)yi^’^  * v(x)S(x)y^"  * v(x)I(x)y” 

. v(x)U(x)y||  ♦ 


The  ealution 


* »S5- 


^5  * * *’85^  * ^55*^  * 

If  this  solution  is  to  satisfy  equation  (1.16),  then 

(1.17)  120q(x)a<,s  ♦ v(x)R{x){lSQaj^i  . 24a^s) 

. T(x).'!(i)(60a^5i  * * Ssgj) 

. y(x)T[x)(»«^sx5  * 12aj_sX*  * Bagg*  . 2,35) 

« v(x)n(x)(SajjjX  4 4S2S**  * *‘25^^  * ^®35*  ♦ *45) 

* ♦ «2S**  * «3S*^  * «4S*  * ®SS>  ■ °- 

Division  of  equation  (1.17)  ly  v(x)  yields 

(1.18)  Q(x)  ,44 

v(x) 

4 S(x)(S0a^5l*  4 24ajjx  4 Ba^j) 

4 I(x){20s„5**  4 Usj^jx*  * SagjX  4 Zaj^) 

4 U(x)(S8^sX^  4 iajgX®  4 SagjX*  4 esjgX  4 a^g) 

‘ ^S^®oS**  * •is*'*  * ®2S^^  * «3S**  * a4S*  * “ss’l  ^ °- 

Hence.  Q{x)  is  a polyneitiial  of  degree  five,  at  Dost.  Equation  (1.16) 

(1.18)  p(x)y^  ♦ »<*)5(x)y^  4 v(x)R(x)y^'' 4 v(x)S(x)y;,"  4 v(x)T(x)y" 
4 v(i)U(x)yi  4 1 vCx)/jj  . 0. 
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The  golutlcp  ys  . ♦ a^gx^  ♦ ,ggx^  ♦ > a^g*^  ■•  «s6^ 

* ®66'  solution  is  to  satisfy  equation  {1.18),  then 

(l.K))  720p(x)aj|g*  »(*)3(x)(7a0aj,gX  * laOa^g) 

. y{x)R(x)(S60a^gX*  ♦ IfOa^gX  * ZtSgg) 

. T(x)S[»)(l»s^g*®  ♦ * ®*36> 

♦ v(*)T(x)(30a^gX^  ♦ 20«16**  * * ®*36*  * ^46^ 

. v(x)UCx)(6a^5X®  * Sa^gX*  . aa^gX®  , Sa^gX*  ♦ Sa^gX  ♦ agg) 

* Xgy(xMagsx8  , ajgx*  . sggx^  ♦ aggi^  . a^*  . ajgx  . agg)  . 0. 

Division  of  equation  (1.80]  by  v(x)  yields 
(1.81)  P(x) 

* RCxKSSOSggX*  * IZOSjgX  ♦ 84ajg) 

* S(x)(180a^gX®  . “Sig**  ■*  * 6agg) 

. T(x)(30apgX*  *.  80ajgX®  . 18aggX*  * SsggX  - 8a, g) 

* * ®"1B**  * *•  * 8«48*  * »S6^ 

‘ \<«oe*®  * «16*'  ••  «86*^  * >je**  ‘ *46**  * *se*  * *6S>>  * ° ■ 

Renee  P(x)  is  a polynonial  of  degree  six,  at  aost.  Equation  (1.19) 
now  beconea 

(1.88)  v(x)P(x)y^  ♦ v(x)Q(x)yJ  * v(x)R(x)}^*  * v(x)S(x)y^" 

. v(x)T(i)yJ_'  ♦ v(x)U(x)y^  . V^Pn  ■ 


Diviaion  of  aquation  Cl<22)  by  v{x)  yielda 

(1.2S)  p(x)y^  ♦ 9(x)yn  ♦ W*)yn^  ♦ S(i)yJ,"  *.  T(x)y‘'  « 0(x)y^ 

• Vn  ■ 

rna  aolutlon  y^  ■ ♦ ■■■  . a^^,  k ■ 7.6,9,  •••  . 

If  thla  solution  is  to  aatiafy  aquation  {1,23),  then 
(1.24)  P(x)[h(lt-l)(lt-2)(V.3)(k.4)(k-5)a^ljX^-®  * ...  * 720a(^_g^^] 

4 Q(i)[k(k.l)(k-2)(lt-5)(ls-‘l)ag^-®  4...  4 ISOa^^.j,,,) 

4 R{x)[K(k-lHk-2){k-S)a^^-4  4 ...  4 
4 S{x)[k{k-l)(k-2)a^^-*  4 ...  4 8a^k-S)k^ 

4 T(x)[k(k-l)a^^-2  4 ...  4 24(;^25kl 

4 U(x)(ka^,x5^i  4 ...4 

4 4 ajj^xX-1.4  aj/-^  4 ...  4 a^^l  = 0. 

The  left  nenibor  of  aquation  (1.24)  is  thus  a polynomial  of  dagre<  k, 
at  noat.  By  a proper  cholea  of  the  coeffloienta  a^j^,  j - 0,1,2,  •••  k, 
and  the  left  nember  can  be  natie  to  vanish  identically. 

Sufflmary 

Ihe  differential  equation  (1.23)  has  polynomial  solutiooa  of 
fain  of  equation  (1.2)  if  P(x)  ia  a polynomial  of  degree  six,  at  most; 
Q(x)  is  a polynomial  of  degree  five,  at  moat;  R(x)  ia  a polynomial  of 
degree  four,  at  moat;  3(x)  is  a polynomial  of  degree  three,  at  moat; 
T(x)  ia  a polyncoial  of  degree  two,  at  noat;  U(x)  is  a polynomial  of 
degree  one;  and  ■ 0. 


acAPTEE  n 


ORraoOOHAJJTY  OF  ME  asLUTION  SET 
Derivation  of  Conditions 

In  tbo  preceding  chapter  conditions  on  the  po^^nwiiel  aooffi- 
clenta  F,  Q,  R,  S,  T,  and  U of  the  dLTfsrential  equation  (l.SS)  have 
been  established  such  that  a set  of  polynomial  solutions  of  the  font 
of  equation  (1.2)  exists  for  the  differential  equation  (1.2S), 

A sat  of  conditions  will  now  be  derived  under  vhich  the  solu- 
tion sot  fyjj3,  n • 0il,2i  "•  , will  font  an  orthogonal  systen,  with 
recoct  to  a weight  function  w(x),  over  a fundanantal  interval  [a,p]. 

Fonsation  of  the  Baeie  Equation 

Consider  the  system  of  equations: 

(a-1)  Py^  * “Sya  * R>^''  * Sy”'  ♦ ly”  ♦ Uy^  ♦ . 0, 

(2.8)  Py^  * Qy„  * * ®yn"  * • Vm  " °> 

Hultiplicetion  of  equations  (2.1)  and  (2.2)  by  wy  and  -wy  , 
respectively,  and  addition  of  the  resulting  equations  yields 
(2.S) 

♦ '*3(Tn'ya  - y,i’'y„)  ♦ "i(y,i'y„  - ya'y„)  * '"(yX  ' Vn) 

• “<N.  - yVn,  • 


(«.4)  Q*yX-Vn' 

(Z.S)  o'  . y^'y„  - y^'y„, 

(2.6)  G"  - - yl"y„)  * (y^'y^,  - y;'y;). 

(«.’)  o’"  - (y^X  - 

(2.8)  G^'  . (y^^  - y^^)  5(yJ’'y^  - j^’^y^)  * ^(r^‘  'y^‘  - y^' 

(2.8)  Q’  . (y^V,  - yjSr„)  ‘ 4(yK  ' ^• 

Also  let 

(2.10)  H ■ y^,'y^  - y^’y^,, 

(2.U)  h'  - (yn'y^  - y^'y^. 

(2,12)  H”  - (yj’'yi  - yj’'yn)  ♦ tyn'yn  ■ 5* 

(2.15)  h'"  • (y^y^  - y'y^)  * *(y^''y”  - y^’'y,i')- 
Also  let 

(2.14)  J.y”’y”  -y;"y”. 


(2.15)  j'  . yi*y^'  - • 
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Proa  equations  (2.6]  through  (2.15]  it  ie  oleer  that 

(2.16)  g”  - H . y;'V„  - y;"y„, 

(2.17)  o'”  - 2h'  . yi^n  - 

(2.18)  H'”  - 2J'  ,yjyi  - y^, 

(2.12)  0^’'  - ffl"  * J . yJJy^j  - yjjjy^, 

(2.20)  O’-  . 4h'  ' ' 4 5J'  . - yjVn. 

Substitution  of  equations  (2.16)  through  (2.20)  into  aquation  (2.S) 
yields 

>*•(0’'  - IH”'  4 5J')  4 vQ(0*'  - SH”  * J)  4 uR(b’”  - 2H') 

4 vS(g'  ' - H)  4 wTo'  4 w«G  4 (i„  - \.)uy^„  - 0,  n / m, 

(2.21)  4d>G^  4 4 wRO”'  4 wSo"  4 wTo'  4 uOC 

- 4wPh'”  - SwOh”  - 2i/m'  - wSH  4 3rfj'  4 wQJ 

* • 0- 

Equation  (2.21)  is  to  be  lovrvn  as  the  basic  equation  for  orthogonality. 

Darivatire  Pont  of  the  Basic  Souation 

Consider  the  following  relatlonahlpai 
ufO''  4 wQO^''  4 >«o' ' ' 4 wSo”  4 wTG' 

. (rfOi’'  4 wQB'  ' ’ 4 iffio”  4 hX'  4 wTO)  ' 

- (4d>)'oi^  - (w5)'q”'  - (i«)'c”  - (wS)'q'  - (wT)'q. 


(2.22) 
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(2.23)  . (tf)'oiT.  («Q)'0"'  - (^)'q"  - (»S)'g' 

. (-(rf)'o’"  - («3)'0"  - (wR)'o'  . (wS)'c]’  ♦ {rf)''G”’ 

. (rf3)"o”  . (rfl)’’o'  . (vS)'’q, 

(2.24)  (wP)''o"'  ♦ (wB)"g"  . (wR)"g' 

- ((‘*‘)"o"  ♦ (v3)’'0’  + («R)"0]’  - (ttf’)”'Q"  . («3)'"o' 

- (<«)"'c, 

(2.2£)  - (rf)’”G’'  - (v5)’”o’  . (-(rf)”’o'  - («<J)’”g]’ 

. (tf)^V  - («;)i’'G, 

(2.25)  (»i>)^''G'  . [(rf')i’o]'  . (rf)^C, 

(2.27)  - . Ji(3h"  - 2i*H’  - vSH  . (-4itfH"  - 3«3H'  . 2vRH)' 

. 4(itf)'H"  ♦ 3(v«)'h'  ♦ l2(wR)'  - vS]H, 

(2.28)  4(rf>)’H”  ♦ S(vQ)’h'  - [4{wP)'k'  , 5(M5)’h]  - 4(»P)''h’  - S(«Q)'’h, 
(2.2S)  - 4(wP)''h'  . [-4(»iP)"h]'  . 4(lff)'"H, 

(2. 50)  Sitfj'  - hGJ  . S(>4>J)’  t («3  - S(rf>)']J. 

Substitution  of  oqusUona  (2.22)  throng  (2. SO)  into  eifiation  (2.21) 
yloltfs 

(2.51)  ftfG*''  ♦ [wa  - (ri’)']o"'  » (wR  - (W3)’  * (sP)"]o” 

. [wS  - (,«)'  * (uQ)”  . («P)''')o' 


♦ [wT  - (wS)'  * («R)”  - (w?)'”  4 

. M - (hT)’  4 (wS)”  . (vR)'"  4 (W3)i»  - 
. U;#h"  4 U(»P)'  - Sm5]h'  4 M(tff-)"  4 SCsQ)'  - 
. £4(rf’)"'  - 4 2(vR)'  - wS]H 

4 S{yej)'  - (>e  . 

* -0.  " ^ 

Equation  (2.31)  i*  the  derlvetive  form  of  the  basic  equation  (2.21). 
Integration  of  the  terleatlve  Fora  of  the  Basle  Equation 

Let  aquation  (2. SI)  be  integratad  with  respect  to  x frooi  x * e 
to  X . That  is 


J 
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PBrfornsnoe  of  tho  Indioatad  Intagration  In  equation  (2.32)  Tlelds 
(2.S5)  (w8  - (iff)']G’"j^,  IwR  - (wQ)'  ♦ (M’)”]o"j^ 

. IwS  - (wR)'  * (»Q)"  - {uP)"')o']^ 

. I«T  - (wS)’  4-  («R)"  - (wa)"’  4 (rf)iP]0 

*|^[wU  . (wT)’  4 (wS)"  - (rfi)'"  . («;)!’'  - {if)’]Dd* 

- [4(eP)'  - £-4{hP)"  4 S(«5)'  - 2«R]Hj^ 

I..  I.  . 

4)  [4[iff)  - 5(wQ)  4 2(i«)  - wSlHdx  4 SifJ 

4 j^[<a  - S(wT)']Jdx  4 C>j  - .0.  n ^ o. 

Placea>ent  of  Conditions  on  the  Integrated  Basic  Equation 
^e  desired  result  Is 

j 

vhlch  Is  the  usual  definition  of  an  orthogonal  system.  To  achlove  this 
end,  the  following  conditions  will  be  choseni 

(2.54)  (rf)  - 0 at  X . * and  x . p, 


(2.3S)  wa  - (iff)' 


(«.SS) 


WR  - (mQ)’  t (vf)”  - 0 »t  x.o  and  x.p, 

(2.37)  »S  . (rfl)'  ♦(«)”.  (rf)"'  . 0 at  *.a  and  x . 

(2.38)  VT  - (vS)'  . (^)"  - (W)'"  ♦ (rf')l’'.  0 at  x - c and  x . p, 

(2.39)  rfj  - (vT)’  ♦ («S)”  - («R)"’  * C«q)l7.  (hP)7, 0^ 

(2.40)  4(rf)'-3«3.0  at  i.a  and  x . p, 

(2.41)  -4(rf)"  * 3(»<1)'  - a*  . 0 at  x . a and  x . p, 

(2.42)  4( !«■)''’-  5{«3)”  . 2(iffi)'  . wS  a 0, 

(2.45)  uQ  - 3(rf)'  ■ 0. 

Under  conditions  (2.54)  through  (2.43),  the  integral  betueen  x.o 
and  X • p of  the  derivatiTB  fora  (2.31)  of  the  basic  equation  reduces 


Hence  equation*  (2.34)  throu^  (2.43)  are  sufficient  conditions  of 
orthogonality  of  the  solution  set  (1.2)  of  differential  equation  (1.25) 
oxer  [c,p].  this  set  of  conditions  aay  be  siapllfled . ad>etitutlon  of 
equation  (2.45)  into  equation  (2.40)  yields 


parameter  values 


are  all  distinct. 


(2.44)  |^wy^„dx.O,  n ,1  m. 


u.«)  (itf)' 


Addition  of  equation  (S.41)  to  tuioe  equation  [2.58)  yialda 

(2.46)  («3)'  . 2(rf)’’  at  T.Q  and  x . 

Kfrerentiation  of  equation  (2.45)  ylelda 

(2.47)  (uQ)'  . 3(wF)". 

Suliatitutlon  of  equation  (2.47)  into  equation  (2.49)  yiolda 

(2.48)  (»f)''.0  at  x.o  andx.g, 

Snbetitutlon  of  equation  (2.48)  into  equation  (2.3S)  yields 

(2.49)  - (iff)"  . 0 at  X . a and  I . p. 
Differentiation  of  equation  (2.47)  yields 

(2.50)  («3)"  . 5(iff)"', 

Substitution  of  equation  (2. SO)  into  equation  (2.42)  yields 

(2.51)  uS  a 2(W1)'  - 5(lff)"'. 

Substitution  of  equation  (2.50)  into  equation  (2.57)  yields 

(2.52)  -i«  - 2(vff)"'  . - (iff)'  at  X . e and  X . p. 
Addition  of  equation  (2.51)  to  aquation  (2.52)  ylelda 


(2.55)  (UR)'  - S(iff)"' 


(8.50)  and  (8.S1)  yl« 


(8.54)  (sQ)'”  * S(iff)‘’', 

(8.55)  (wS)'  ■ 8(i«)"  - S(rf')l''. 

Substitution  of  equations  (2.54)  and  (8.55)  into  equation  (8.58)  yields 

(8.56)  wT  - (aR)”  . S(rf)l’^  . 0 at  x.c  and  x . p. 

Hifferentiation  of  equations  (8.54)  and  (8. 56)  yields,  reepectirely, 

(8.57)  («3)1»  . S(iff)’', 

(£.58)  (vS)”  = 8(aR)'''  - SiveV. 

Substitution  of  equations  (8.57)  and  (8.58)  into  equation  (8.58)  yields 
(8.59)  ifl  - (VI)'  - (i«)"'  ♦ 5(aP)’'. 

Bqnatione  (8.54),  (8.45),  (8.45),  (8.48),  (8.49),  (2.51),  (2.55),  (8.56), 

derived  froa  ary  corabination  of  the  others,  and  they  constitute  a con- 
plete  set  of  orthogonality  conditions  for  the  solution  set  (1.8)  of 
differential  equation  (1.85)  over  (a,p),  since  from  these  nine  equations 
the  ten  orUiogonallty  oondltlons  represented  hy  aquations  (8.34)  through 


(8.45) 


orthogonality 


It  has  boen  estahllshad  that  under  the  nine 
conditions 

Cl)  up  ■ 0 at  X ■ a and  x ■ ^ 

(11)  (UP)'  . 0 at  x.o  ipi3  x.p 
(lU)  (rf)"  - 0 at  x-o  and  x-p 
(iv)  vB  - (rf)”  . 0 at  X . Q and  X . p 
(t)  (uR)  ' - 3(rf) ' ' ' • 0 at  X ■ a and  x ■ p 
(vi)  UT  - (wR)”  . S(rf)!’'  . 0 at  X . o and  X . p 
(vli)  uS  = 8(wR)'  . S(itf)"' 

(Till)  uU  a (uT)'  - (uR)"'  ♦ Wrf)’'’ 

(lx)  U3  a 3(*f)' 

the  solution  set  (yQ),  n ■ 0,1,2,  •••  , ropreaentad  by  oquatlon  (1.2) 
of  the  differential  equation  (1.25)  uiU  form  an  orthogonal  system, 
vith  respect  to  the  wei^it  function  u(x),  over  a fundamental  interval 

(d.PJ. 

^ils  nay  ba  aiore  e:^llcitly  exprassad  by  abating  that  If  v(x) 
Is  assumed  to  be  non-negative  In  the  interval  [a,p],  then  the  aet 

[w^y  ],  n ■ 0,1,2,  "•  , forme  an  orthogonal  syatem  over  the  funda. 
mental  interval  [a,p]. 


CHAPTEK 


EXPAJiSION  OF  AH  ABBIIHASY  FVNCnoN  IN  SERIES 

(5.1)  «x)  . * Vl  • -••  • Wn  * — * Vm  * •••  - 

i*are  the  ajj  ara  constants  to  be  determined  and  the  yj^  are  solu- 
tions of  equation  (1.25).  the  determination  of  the  constants  a^, 
k m 0,1,2,  •<>  , will  make  it  possible  to  formally  expand  f(x)  as 
a series  in  the  polynomial  solutions  of  differential  aquation  (1.23). 
Multiply  both  aides  of  equation  (5.1)  by  wy^^  to  obtain 

(5.2)  wf(x)yn  . a^wy^yjj  ♦ ...  . a^wy®  *■  ...  . a„><yny„  ♦ •••  . 

Integration  of  equation  (5.2)  with  respect  to  x over  the  fundamental 
interval  of  orUiogonality  [0,5]  yields 


Equation  (2.44)  nay 


utlliaad. 


the  ri^t  nenber  of  aquation  (3.3),  with  the  exception  of  the  inte- 
grated aquare,  yaniahea,  Ihus 


(3.4)  I viMy^dx.a^j  ay^dx. 


Bach  a^j,  n ■ 0,1,2,  •••  , can  now  be  uniquely  detaminod,  aubjact 
only  to  the  integrability  of  the  eo^raasions  in  equation  (3.4). 

Hence,  an  arbitrary  function  of  x can  be  formally  expanded 
aa  a aeriea  In  the  aolution  aat  fy^^),  n • 0,1,2,  , of  the  differ- 


ential equation  (1.23). 


CHAPTER  IV 


FINITE  INTERVAL 


Ihs  fundamental  interval  [a,^]  m^  conceivably  extend  In  either 
discueaad  in  Chapters  V and  VI.  This  chapter  Hill  be  devoted  to  the 


The  Weigit  Function  «(x) 

Ihe  satisfaction  of  the  nine  orthogonality  conditions  developed 
in  Chapter  II  and  stated  in  its  summaty  depends  on  the  choice  of  w(x] . 
Conversely,  the  dioioe  of  w(x)  is  vital  only  with  respect  to  the  part 

A close  aorutiiv  of  the  conditions  vlll  reveal  a fons  of  w(x) 
idilch  is  sufficient  to  acccoipllsh  this  ain. 

Proa  orthogonality  condition  (i)  it  is  seen  that  the  possibil- 
ity of  v(x)  vanishing  at  x ■ c and  at  x * R nuat  be  included. 

Since  condition  Cil)  requires  that  ' ■ w'p  • *0  at 

X - c and  x - the  possibility  that  w’(x)  vanishes  et  x - o and 
at  X . ; must  also  be  included. 

Fpon  orthogonality  condition  (ill),  idiioh  states  that 

a 


X.  ?, 


Orthogonality  condition  {It)  rtates  that  »R  - (itf)”  0 
at  X ■ c and  x . p,  ao  this  condition  will  be  aatlafled  If  m(i), 
h'(x],  and  h’’(x)  vanlah  at  x • a and  x o p. 

Condition  (t)  atatea  that  (i«)'  . S(ep)"'  e (idi)'  . Sw"'p 
-9w”p  - 9w'p”  - Jiff'”  . 0 at  x.c  and  x - p,  ao  the  poaaibll- 
ity  that  w"'(x)  vaniahea  at  x.c  and  x.p  nuat  be  ccnaldared. 

Condition  (»1)  atatea  that  wT  - (t*)"  ♦ . 0 

at  X ■ c and  x . p.  Sinca  ♦ 4w"’p'  * 6v''p” 

4 4w  P*'  4 the  poaalbllity  that  w^^(x)  Taniahea  at  x « c 

and  X ■ p amat  not  be  excluded. 

Orthogonality  condltlone  (vil),  (t111),  and  (lx)  are  Identltlea 
i*ich  etate,  reapectiTely,  that  wS  a s(w'r  t idi')  - 5(t”’p  4 5w”p' 

4 3v'p"  4 vF'"),  wU  . h't  4 mT’  - w"'r  - Sw"r’  - Jw’r”  - i«”' 

4 4 Swi’P'  4 10w'"p'’  4 10w''p’”4  Se'pl’'  4 and 

a 5w  P 4 \ Since  S,  D,  and  Q are  polyixsoiala,  w must  be  a factor 

of  the  right  neaiher  of  each  of  theee  identitiea.  Ihia  will  be  true  if 
w\  w'^,  and  can  each  be  e^q^reeaed  ae  the  product  of  w 

and  a rational  function  in  vihlch  the  deniadnator  dlvldee  the  numerator. 
Conaider  a choice  of 

(4.1)  V . (x-a)8(x.p)\ 

idiere  g and  h are  real  nunbars.  SueceaaiTB  differentlationa  of 
equation  (4.1)  yield! 

(4.2)  w’  . g(x-c)8-l(x-p)''  4 h(x.o)S(x-p)>’-l 

. (x.ai)8(x-p)''[g(x-p)  4 h(x-a)]Ax-a)(x-P). 


(4.S)  w”  . (g-l)g(*-a)8-'{*-P)''  * 

. (x-a)8(*-p)*‘[(g-l)g(x-5)*  . Sgb(i-o)(:,:.p) 

- (h.l)h(x-c)®]Ax-a)*(x-p)S 

(4.4)  V”'  . (g-8)(g-l)g(x-o)*-*(x-p)‘‘  ♦ 3(g-l)^(x-«)«-*(x-?)‘‘-^ 

. 5g(h-l)h(x-c)*-kx-e)''‘*  • (h-g)(h-l)h(i-a)e(x-?)'‘-* 

. (x-<.)*(x-P)‘‘[(g-CKg-l)g(x-p)®  ♦ S(g-l)^(x-o)(x-p)*^ 

- Sg(h-l)h(x-a)^x-S)  * (h-2)Ch-l)h(x-a)*]/(x-a)*(i-P)*. 

(4.5)  vi’-  . (g-5)(g-2)(g-l)g(x-o)*-’{x-p)'‘ 

• 4(g-2)(g-l)gti(x-a)e-®(x-5)‘^^ 

. 6(g-l)g(h-l)h(x-a)e-^(x-5)“‘-* 

. 4g(h-8)(b-l)h(x-a)*-Hx-P)‘'-® 

. (li-S)(h-2)(h-l)h{x-ti)*(x-p)‘^'* 

. (x-a)*(i-p)‘’[(g.S)(g-8)(g-l)g(i-P)< 

• 4(g-2)(g-l)^(x-o)(x-p)® 

. 6(g-l)g(h-l)h(i-a)*(i-p)*  * 4g(h-2)(h-l)h(i-c)®(x-p) 

. (h-S)(h-2)(h-l)h(i-a)*]/(x-c)*(x-p)*, 

(4.6)  h''  . (g-4)(g-3)(g-2)(g-l)g(x-<i)*-®(x-3)‘‘ 

• S(  g-5)  ( 6-2)  ( g-1)  tfiCx-o)  «-^(x-p)*’-^ 

• lD(6-2)(g.l)g(h.=l)h(i-a)«-®(i-P)’'-* 


. ioCg-i)g(h-2Kh-i)ii(x-a)e-*;*-p)''-* 

. SgCh-3Hh.8)(h.0h(x-a)*‘^(l-p)''‘’ 

. (h-4)(h-5)(h-2)(h-l)h(x-a)«(x-p)*'-^ 

. (*-o)«(x-P)*‘[(g-4Kg-3)Cg-2Ug-l)g(*-P)^ 

* S(g-S)(g-a)(g-l)^(x-a)(*-P)* 

♦ 10  Cg-aKg-l)g(h-l)l>(x-e)®(x-p)* 

. 1C  (g-l)g(h-8)(h-l)h(x-e)*(x-p)* 

« Sg(h-S)(h-2)(h-l)h(x-4)«(x-P) 

. (h.4Kh-SKh-2Kh-l>h(x-o)S]/(z-«)S(x.p)5. 

Thus,  the  eholea  of  w . with  auitahla  restric- 

tioQS  on  g anh  h,  uiu  seroa  to  satlsIV  the  orthogonalitj  oonditlone. 

Ihe  Leaping  Coefficient  PCx) 

The  detannlnatlon  of  g and  h In  equation  (4.1)  Is  affected 

A number  of  poselbllltlas  exist  with  regard  to  the  roots  of  P(x),  and 
inrastigation  of  each  of  these  poaslbilltiea  will  determine  the  form  of 
the  coefficients  of  the  differential  aquation  (1.23). 

The  assunptlon  that  p(a)  i 0.  If  P(x)  does  not  have  x - a 
as  a root,  then  the  requirement  of  orthogooalitg  condition  (1)  that 
ye  . (x-n)8(,.p)hp  .5  ^ ^ restriction 

(4.7)  g>0. 


J 


sijics  b7  assunptlon  p(n)  ,^0  and  a < ^.  But  orthogon 
iix)  requires 

(x-a)8Cj(-?)h(l  . S((x-j)6(x.p)l'p]- 

■ 3[b(x-u)8-1(x-P)>>P  * h[x-a)8(x-p)>’-^P 

. (x-c)8(x-?)'¥':, 

{4.8)  Q ■ 5(x-o)-l(x-p)-l!g[x-?)P  t h{x-u)p  * (x-«)(x-?)p’ ]. 

Ihe  pol^noaial  natiire  of  Q requires  that  {x.*a)  divide  the  expre 
in  brackets  in  equation  (4.8).  Bet  if  this  is  true,  then  g(ii-p)P(tt 
iSilch  is  ia?iOBSll)la  since  o < p,  P(a)  4 0,  and  bg  equation  (4.7), 

The  asm^tlnn  that  P(8)  4 0.  Ihis  assua^tion  leads  to  a 

nay  be  seen  by  interchanging  the  roles  of  a and  p and  of  g and  h 

Consequently,  P(x)  xust  have  both  x • 9 and  x . p as  at 

rta  aaannption  toat  P(x)  has  a as  a sliBple  root.  Fr^  th 
preceding  section  it  was  found  that  P(x)  . (x-a)(i-p)(r(x) , and  by  th 
assuaqitlon  In  this  section,  V(x)  is  a polynomial  such  that  V(a)  4 
Since  P(x)  la  a polynomial  of  degree  six,  at  most,  V(x)  nest  be  of 


ogonality 


(4.9)  rf  ■ (x-q)6-*1(x-P)'’*^1 


%d:ioh  inplios 

(4.10)  g > -1 

siiiod  V(a)  ^ 0 aod  a < 

Condition  (ii)  raquires 

(4.11)  (tf)'  Hg*l)(x-o)*Cx-e)>’*lv*  (h*l)(x-a)8*l(x-9)>>v 

* (x-»)e*i(x-p)'’*^T- 

« {x-»)8(x-p)*‘t(g*l)(x-p)V  * (h.:Kx-o)V 

* (x-q)(x-|)V]  .0  St  X.  0. 

If  g > 0,  condition  (ii)  is  satisfied  at  x ■ a.  Howxer  if 

-1  < g <0,  then  (g+l)(a-^)7(a)  • 0,  ^loh  is  Ixposslble  since 

V(a)  / 0,  o < p.  Hence 

(4.18)  g>0. 

Condition  (Hi)  requires 

(4.1S)  (nP)"  ■ g(g.l)(x-CL)B'l(x-p)'’*^V.  2(g.l)(h.l)(x-a)e(x-^)''v 

* a(g*l)(x-c)*(x-S)>'*lv'  . h(h.l)(x-j)8*l(x-p)»'-lv 
- 8(h.l)(x-a)6‘l(*-P)V  ♦ (x-o)8*l(x-p)>’*V’ 

• (x-e)8-^(x-e)'>-Mg{g.l)(x-<i)*V-  8(g*l)(h.l)(x-a)(x-p)V 
. S{g*l)(x-s)(x-p)V  * h(h*l)(x-o)*V 
. a(h.l)(x-c)S(x-p)V'  . (x-c)*(x-p)V]  . 0 at  x . o. 


If  g > 1|  the  coD^ltion  1b  BStiafied  at  x • a.  However  if  0 < g < 1, 
then  g(g»l)(o-p)*V(e)  . 0,  which  is  laipossible  slneo  V(a)  ^ r,  a < f. 

(4.14)  g>l. 

Hov  conaider  condition  (vii),  which  requires 
(x-o)8(*-?)hs  . z[(x-o)8(x-S)%]'  - S[(x-c)e‘l(x-l!)''*lv]"' 

• 2g(x-o)8"l(x-p)’'R  ♦ 2h(x-c)8(x-S)*’’^ 

. 2(x-4)8(x-P)’'h'  - S(g-l)g(grl)(x-o)8'*(x-P)^*V 

- lSg(g.l)(h*l)(x-tt)8-l(l-p)'‘v  . lS(g*l)h(h*l)(x-c)8(x-p)*“-^V 

- S(h-l)h(h*l)(x-o)B-»l(i.p)'>-2v  - SO(g*l)(h.l)(x-o)*(x-?)V 

- lSg{g*l)(i..a)8-H>:-P)''*^V’  - lSh(bvl)(x-i)8*l(x-?)*'-^V 

- lS(h*l)(x-a)«‘Hx-P)V'  - lS(gvl)(x-a)*(x-p)*‘*V’ 

- 5{x-a)«*l(x-p)^‘V", 

(4. 15)  S ■ (x-o)'*(x-P)*®t2g(x-o)(x-p)®R  » 2h(x-o)*(x-p)H 

* 2(x-o)2{x-|)2r’  . S(g-l)g(g*lKx-P)^ 

- 15g(g*l)(h*l)(x-tt)(x.p)®V 

- 15(g.l)h(h.l)(x-a)*(x-p)V-  S(h-l)h(h*lKx-a)*V 

- 50(g*l)(h.l)(x-o)^(x-p)V  - lSg(g.l)(x-c)(x-p)V 

- lSh(h*l)(xHi)*(x-p)V'  . lS(h.l)(x-o)®(x-p)V' 

- 15(gvl)(x-o)*(x-p)V'  - S(x-o)®(x-p)V"). 


polyuoiBial  nature  of  S requires  liiat  (z-a)  diride  the  ezpreeelon 

-S(g-l)g(g*l)(a-?)®V(a)  ■ 0,  lAloh  la  laposalble  under  the  assumption 
V(a)  ^ 0,  since  s < ? and,  by  equation  (4.14),  g > 1.  Hence  the 

Ihe  assumption  that  P(x)  haa  8 ea  a slaple  root,  nils  assujgi- 
tlon  is  lUcewlse  invalid,  as  aiay  be  seen  by  Interchanging  the  roles  of 
0 and  p and  of  g and  h in  the  proof  of  contradiction  of  the 
aasunption  In  the  preceding  section. 

The  assuaption  that  P(x)  has  a as  a double  root.  In  this 
section  it  will  be  assumed  that  P(x)  . (x.ui)*(x-?)*V(x) , rfiere  V(x)  is 
a polynonlal  such  that  V(e)  / 0.  Since  ?(z)  is  a polynomial  of  degree 

and  all  hi^ar  derivatives  of  T(x)  must  vanish. 

Orthogonality  condition  (1)  requires  that 

(4.16)  !*■  » (x-n)6*2(x-g)‘'**V  . 0 at  i . a, 
tdii^  laipllss 

(4.17)  g>-Z, 

since  T(a)  ^0  and  a < p. 

Condition  (11)  requires 

(4.18)  (itf)'  .(g*Z)(x-n)6*i(m.0)h*2v*(h.2)(z.h)8**(z-p)>’*lv 

. (z-n)S*2{z-p)h**v' 


. {x-o){x-P)V’l  ,0  at  I . a. 

If  £ > -1^  tJid  condition  is  oatlsfied  at  x - a.  Hovavor  If 
-2  < g < -1,  than  (g+2)(o-p)V(a)  • 0,  idiich  la  lapoaalbla  ainoa 
7(a)  / 0,  a < p.  Kanca 

(4.18)  g>-l. 

Condition  (ill)  raqulrea 

(4.a0)  («P)”  • (g.l)(g.2)(x-a)B(x-p)h**V  ♦ 2(g*2)(h*2)(*-o)B*l(x-p)''*lv 
. 2(g.2)(x-o)6*l(x-p)‘‘*V  , (h*l)(l.*2)(x-o)«*2(x-p)''V 
. 2(h*2)(x-o)B*2(x-P)''*V  ♦ (x-i)e*«{x-p)''*V 

■ (x«»)*{x-P)’’[(g*lKg»2)(x~p)®V  ♦ 2(g.2)(ht2)(x-o)(x-p)V 
. 2(g*2)(x-o)(x-p)V  4.  (h*l)(h*2)(x-o)2v 
4 2{h*2)(x-a)2(x-p)V  (x-a)®(i-p)V’]  . 0 at  x . a. 

IT  g > 0,  tha  condition  la  aatiafied  at  x • a.  KoweTar  11 

-1  < g < 0,  than  (g*l)(g»2)(n-P)*V(c)  . 0,  idiioh  la  Inpoaaibla  ainoa 

7(a)  / 0,  a < p,  HeocB 

(4.21)  g>0. 

Nov  conalder  eoodition  (all),  vhich  requirea 
(i-a)8(x-p)*'3  , 2[(xhi)B(x^P)'’r]'.S[(x-o)®**(x-P)’“*7]'" 

■ 2g(x-a)*'^(x-p)‘‘R  4 a(x-a)B(x-P)'‘‘^ 


30 

. 2(x-i»)«(*-0)^l'  - SgCg*l)(gt8»c-a)«-^(i-p)’’**V 

- lS(g*l)(g*a)(h»2K)C-e)8(jt-p)»*lv 

- lS(g.l)(g*2)(x-c)e(»-0)'’*V 

- SO(g.2)(ht2)(x-ci)**^(i>P)*'*V 

- 15(g*8)(h.l)(h.2)(iua)*-*^(x-p)*V 
. Sh(h*l)(h.2Mx-o)e*®  x-p)*’-^v 

- 15(h.l)(h.2)(x-a)8**(x-p)''v' 

- lS(h*2)(x-a)«*^(x-pj'’‘V’ 

- lS(g*2)(x-o)8*l{x-p)*^V  ' , 

(4.22)  S ■ (]&-i)“^(x-p)"^[2g(x-e)(x-3)®R  * 21i(x-c)*(x-;?)R 

. 2(ihi)*(x-3)2r' 

- Sg(g*l)(g»2)(x-p)*V-  lS(g4.1)(g*2)(b.2)(x-o)(x-P)*V 

- lS{g,l)(g*2)(x-a)(x-p)V  - 30(g*2)(h.2)(x-a)2(x-p)Zv’ 

- lS(g.2)[h*l)(h*2){x-a)*(x-p)V-  a(h*l)(h.2)(x.-))V 

- lS(h*l)(b.2)(x-a)*(x-p)7'  - 15(Ju2)(x-*)’(x-p)V’ 

- lS(g»2)(x-a)2(x-P)5v"]. 

The  polynomial  oalure  of  S requires  that  (x'O)  divide  the  expres- 
sion in  hrachats  In  equation  (4.22).  But  this  requires  that 
-Sg(g*lKg*2)(tup)*V(a)  • 0,  ihlch  is  iiqjoseible  under  the  assumption 
V(u)  4 0,  since  o < p and,  by  equation  (4.21),  g > 0.  Hence  the 
assumption  that  F(x)  has  a as  a 


double  root 


Bib  MaiMptle 


tlon  is  lUcewlsB  lAvalid,  as  nay  be  seen  by  Interchanging  the  roles  of 
a and  and  of  g and  b in  the  proof  of  contradiction  of  the  aaaunption 

verlfleauon  that  P(a)  . K(x-c)^a-d)^  »d.ere  K is  a non-zero 

osding  saotione  leave  only  one  posBibility:  P(x)  has  both  a and  p as 
triple  roots.  Thia  aaist  be  the  case  since  the  coefficient  F(x)  was 
detandned  in  Chapter  I to  be  a polynesiial  of  degree  six,  at  nost,  and 
in  thia  chapter  it  was  detennined  that  P(x)  suet  have  both  x • n and 

P . K<x-e)*(x-p)*,  V . (x..<i)6(x-p)’'. 

Orthogonality  condition  (i)  requires  that 

(4.SS)  «P  a K(*-c)8*®(x-J)*”-*  . 0 at  x.n  and  at  x . 


(4.Z4)  g>-S 


(4.2S)  h>.S, 


andition  (U)  requiroi 


(4.88)  (»P)'  . K[Cg*S)(*-a)«*'®(x-p)*'***  (b*SKx-a)«‘*(*-?)''**] 

. K(x-a)8**{x-P)'’**((g*!Kx-p) 

* (htJ)(*-a))  . 0 *t  I.  a and  x . f. 

ir  g > -8,  the  condition  ia  aatiefied  at  x • a,  Hoeever  if 

-3  < g < -Z,  then  (g*S)(o-p>  - 0,  liiidi  le  inpoeelble  since  a < p. 

(4.87)  g > -8. 

Sinilarl7»  IX  h > ~Z,  the  oooditioa  le  satisfied  at  x • p.  !loveser 
if  -3  < b < -2,  Uien  (h*'S)(p-a)  ■ 0,  >diloh  is  ii^oselble  since  a < p, 


HoM  application  of  ix^ition  (lx)  ylalda  [see  equation  (4.86)] 
(l-c)8(i-P)N}  . SK(x.-l)e‘2(x.p)>’*2({g*3)(i-P)  * (h.S)(x-c)]. 

(4.89)  Q a SK(x-c)3(x-p)*[(g-5)(x-p)  ♦ (htS)(;o-u)  ]. 

CoDdltion  (ill)  requires 

(4.50)  (tf)”  ,K[(gta)(g*5)(x.<l)e*3  (x-P)’’*’ 

. 8(g*S)(h.S)(x-a)8**(x-p)'“* 

. {h*8)(h»5)(x-e)8‘3(x-p)^‘l] 

.K(x-a)**l(x-p)‘“3[(g4.8)(g»5)(x-p)* 

. 8(g.S)(h4.3)(i-a)(x-p)  . (h*8)(h.S)(x-e)*]  . 0 


^iloh  is  iaposalble 


-2<g<-l,  Wien  (g.2Mf*S)(o-p)*  . 0, 
a < p.  Henee 

(4.31)  g>-l. 

Slidlarly. 

(4.52)  h>-l. 

Condition  (1»)  rsqulras  - 
(4.5S)  KR  - (rf)"  - Cx-a)*(i-P)‘*H  - K(x-a)«*Hx-P)’'*lt(6.2)(g-.3)(*-P)* 
. 2(g43)(h.3)(x-c)(x-p)  . (h*2)(h.S)(x-Q)*] 

. {x-a)*{x-p)''fR  - «x-a)(x-p)[(g42)(g.S)(it-?)^ 

. 2(g.S)(h*S)(*-c){x-p)  * (h.2)(h*S)(x-a)*)l 
.0  St  X . a and  x . p. 

It  g > 0,  the  condition  is  satisfied  at  x . cj  if  h > 0,  the  condi- 
tion Is  satisfied  at  x . p.  If  -1<  g < 0,  than  the  condition  is 
satisfied  at  x - s only  If 
(4.S4)  R(o)  .0.  for  -lcg<0. 

Sinilarly,  the  condition  is  satisfied  at  x . p only  if 
(4.36)  R(p)  .0,  for  -1<  h < 0. 


Condition  (t)  requirea 


S4 

(4.36)  (wR)’  - 3(rf)’”  ’ (.x.a)^-\x.f)*'-he(x-m  * h(«)R 

. (*-c)(*-«R-]  - SK[(g*l)(g.2)(g.S)(*.a)*(,.f!)'^* 

. S(g*2)(g*S){h*S)(x-o)®*^[>c-S)'’*® 

. S(g*S)(b.2Uh*S)(i..<i)**®(*-P)'’*^ 

. (h*l)(h*2)(h*5)(x-..)e*S(*-P)''] 

• (x-«)*-^(j:-P)‘’-^[g(x-?)H  * h(x-«)R 
. {x-c)(x-£!)tR'  - SK((g*lKg*2)(g.SKx-3)* 

• SCg.2Kg*S)(h*S)(x.aKx-p)® 

♦ 3(g.5)[h.2)(b.5)(x-e)2(x-p) 

. (h*l)(h*2)(b*5)(xHi)*]}]  . 0 at  X . o anfl  x . 

If  g > It  the  oondltlon  la  aatiefied  at  x ■ a;  if  h > 1,  the 
condition  is  satisfied  at  x ■ p.  If  0 < g < 1,  then  the  condition 
is  satisfied  at  z ■ a only  if  g(a-p)A(a]  • 0,  or,  since  a < p, 

(4.57)  R(a)  .0,  for  0 < g < 1, 

Siadlarly,  the  condition  is  satisfied  at  x • 0 only  if 
(4.36)  R(p)  .0,  for  0 < h < 1. 

If  -I  < g < 0,  than  by  equation  (4.34),  R(c)  - 0,  and  hence  con- 
dition (r)  is  satisfied  at  x > a only  if  in  addition, 

(4.39)  R'{»)  - 3K{g*lKg*2)(f*3){a-5)®,  for  -1  < g < 0. 
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Slnilarljr,  otindltion  (»)  Is  saUsfisd  at  x - 3 only  if  equation  (4.SS) 

(4.40)  H'(3)  . 3K(h.:)(h*2)(h.3)0-o)*,  for  -1<  h < 0. 

Condition  (el)  requires 

(4.41)  vT  - (uR)”  . S(tJ’)i’  e (x.a)«(x-3)'‘l  - (g-l)g(x-«)«-^(x-p)'^ 

- (h-l)S(x-a)8(x-p)»-*R  - Z^(x-c)*-1(x-P)''-1f 

- (x-a)e(x.p)V’  . 2h(x-«)S(x-p)'’-^'  - Zg(x-a)8-l(x-p)’^' 

♦ 5K£g(  g*l)  ( g*2)  ( g*S)  (x-o) 

• 4(  g*l)  ( B‘2)  ( g*3)  (h*3)  (x-o)  *(x-p)'“* 

• 6(g.S)(g4.S)(hrg)(h.S)(x-n)**l(x-p)''*^ 

* 4(g*3)(h.l)(h*2)(h*S)(x-a)«*®(x-P)*’*^ 

. !j(h.lKh.g)(h*5)(x-n)e**(x-p)''-l-] 

• (x-a)K-*(x-p)‘‘-®[-(g-l)g(x-p)% 

- (h-l)h(x-c)*R  » (x-o)(x-p)l-Z^  - 2h(x-o)R' 

- 2g(x-p)R'  * SKg(g*l)(g*S)(g4.S)(x-S)* 

♦ 5m(h*l)(ht2)(bt5)(x-a)^ 

. (x-o)(x-p)[lZg(g*l)(g*Z)(g*S)(h*3)(x-p)* 


12K(g*3)(lwl)(h*.2)(h*3)(x-o)’ 


. 1SK(  g.2)  ( g.3)  (h-2)  (h.  J)  (x-o)  (x-p)  ] ]] 

. 0 at  X . 1 and  X . p. 

If  g > 2,  the  condition  is  satisfied  at  x • oj  if  h » 2,  the  condi- 
tion le  satisfied  at  i . p.  If  1 < g < 2j  then  the  condition  is 
satisfied  at  i . a only  if  -(g-l)g{a-P)®R(ii)  - 0,  or,  . since  a < p, 

(4.42)  R(a)  .0,  for  1 < g < 2. 

Slndlarly,  the  condition  is  satiafied  at  x ■ p only  if 
(4.4S)  R(p)  .0,  for  1<  h < 2. 

If  0 < g < 1,  then  by  equation  (4.S7),  R(a)  - 0,  and  hence  condition 
(rt)  is  satiafied  at  x . a only  if  in  addition 

(4.44)  -2g(a-p)R'(a)  . 3Sg(g*l)(gt2){gtS)(o-p}'*  - 0 for  0 < g < 1, 
or,  since  a < p, 

(4.45)  R'(c)  . S(g*lKg*2)(g*S)(<i-P)*,  forO<g<l. 

Siailarly,  condition  (si)  is  satisfied  at  x . p only  if  equation  (4,!6) 

(4.48)  H'(p)  . ^h*l)’(h.2)(h.3)(p-a)*,  for  0 < h < 1. 

If  -1  < g < 0,  then  ly  equation  (4.54),  R(a)  • D,  and  hence  condition 
(y1)  is  satisfied  at  X - a only  if  in  addition  equation  (4.44) 
bolds  for  -1  < g < 0 aa  noil  aa  for  0 < g < 1,  and 

(4.47)  T(a)  . R"(o)  - ia(g*lKg-2)(8»SHb.5)(c-p)*,  for  -1  < g < 0. 


Sines  s < equation  (4.44)  be  written  for  -1  < g < 0 as 

(4.48)  ^'(s)  -|Sg(g*l)(g.2)(g.3)(s-p)®  tor-Kg<0. 

SlaUarly,  condition  (vl)  is  saUBfiad  at  x . p only  if  equation  (4. 35) 

(4.49)  T(P)  . R"(P)  - 12I(g*S)(h.l)(iM8)(h*S)[p-o)®  for  -1<  h < 0, 

(4.50)  hfi'(p)  .Sh(h.l)(h»a)(b*3)(p^)*  for  -Kh<0. 

Now  equations  (4.39)  and  (4.48)  together  ijoply  g - K/2  for 
-1  < g < 0.  ait  this  is  ijspoaaifale,  since  K / 0,  so  the  orthogonality 
conditions  cannot  be  satisfied  for  -1  < g « 0.  Hms,  in  view  of 
equation  (4.SL), 

(4.51)  g>0. 

Sindlarly,  equations  (4.40),  (4.50),  and  (4.32)  require 

(4.52)  haO. 

Bow  aquatlona  (4,34),  (4.37),  and  (4.42)  together  and  equations  (4.35), 
(4.38),  and  (4.43)  together  require,  respectirely, 

(4.53)  R(o)  .0,  for  0 < g < 2, 

(4.54)  R(p)  . 0,  for  0 < h < 2. 

For  g ■ 0,  equation  (4.39)  becones 


(4. 55)  R'(n)  . 18It(ci-p)*,  for 


lUarl^,  eqaatlon  (4.40) 


(4.56)  R'(?)  . 18K(fU<i)2  for  h - Oj 
squation  (4.47)  bectmea 

(4.57)  «a)  . R'-(a)  - 72K(h-S){o-p)®  for  g . 0, 
and  equation  (4.49)  bacones 

(4.58)  1(8)  . R"(p)  - 78K(g*3)(8-c)*  for  h . 0, 

Ortbogonalltj^  condition  (ell)  requires 

(x-o)«{x-8)*%  • ?[(i-o)e(a-8)"R]i  - 5(K(*-c)«*5(;,.j)h.3j,,, 

■ (x-a)B-l(x-8)''-l(2g(x-8)B  * a»(*-o)R 
. (*-a)(x-p) f2R'  - 5K[(g*l)(ge2)(g*3)(x-8)* 

♦ 3(g*8)(g.5)(hrS)(i-a)(i-8)* 

. S(g*S)(h*2)(huS)(i-a)*(i-8) 

. (hrl)(h*S)(h*3)(x-a)=nl  [See  equation  (4.38)], 

(4.59)  S » (i-tt)-^(*-p)-^[8g(x.p)R  ♦ 8h(i-it)n  * (x-c)(r.p) fZR' 

- 5K[(g.X)(g*8)(g*3){T-8)*  * S(g.2)(gu3)(h.5)(jc-c)(x-P)* 

. 3(g,3KheS)(t.*3Kx-o)^x-p)  * (hrl)(h*8)(b.3)(x-a)®]]]  . 
The  poi^naoiaX  nature  of  3 requires  tliat  (x-a)(x-p)  divide  the 


If  (x-«)  dlTide* 


£gCo-p)R(ci) 


a < p,  ^(a)  • 0.  Ihia  exprssslon  requirea  R(a)  .0  for  g / 0. 

But  by  equation  (4.55),  R(a)  ■ Q for  g - 0.  Hence 

(4.80)  H(c)  . 0. 

(4.61)  R(P).0. 

Equation  (4.59)  for  S be  written 

(4.6Z)  S . |>2  . SB'  - 5K[(g*l)(g*S)(g*3)(*-P>* 

♦ S(g*2)(g*3)(lu.5)(x-c.)(*-?)* 

. S(g*5)(h*2Hh*3)(*-a)Vp) 

- (h»l)(h.2)(h*5K*-a)*], 

and  since  R is  a polynemial  of  degree  four,  at  meet,  equation  (4.6Z) 
is  a polynruniflb  of  degree  three,  at  aost. 

Orthogonality  condition  (vlii)  requires 

(x-a)*{*-p)\  • t(x-a)«(x-p)*^l'  - [{x-a)«(x-p)\]"i 
. S[K(i-a)8**(x-p)*'**)’ 

• g(i-a)8-Hx-p)*^  * h(x-a)6(i-p)''-lT 
* {x-a)«(x-p)'4i 

- (g-R)(g-l)g(x-u)*-*(x-?)‘^  - (h-2)(h-l)h(x-o)8(x-p)>>-»R 


- 3g(h-l)h{x-a)*‘^(*-P)‘''®R  - 

- Cx-a)*<x-e)'^"'  - a(x-a)®Cx-S)‘’'\" 

- 5(h-l)hCx-a)®(x-p)'’'®R'  - 3g(x-a)*-H)C-P)‘^" 

. 6^(x-i)®'^x-?)'^V  - S(g-l)g(i-a)*'®(x-iJ)V 
. Sl£[(g-l)g(g«l)(g.2)(g*5)(x-<.)6-*(x-P)'‘*® 

. Sg(g*lKg*2K«*W(h.SKx-a)*-^(x-p)''** 

* 10(g*l)(g*a){g*SKhiS)(h»3)U-a)®(x-p)''*^ 

• 10(g.2)(g*3)(h.l)(h.2)(h»3)(x-<i)**^(x-p)'' 

. S(g«3)h(li-l)(h*2)(h*S)(x-c)8*'^x-p)‘''^ 

4 (h-l)h(h.l)(h*2)(h43)(i-c)8*®(i-p)'’-*], 

(4.65)  U . (gT  - SgS”  . lSKg(g4l)(g*2)(g*S)(h»S)(x-P)*]/(x-«) 

. [hT-  3hS"  ♦ 15R(g*S)h(h*lKh.2)(h*3)(x-e)*]Ax-P) 

- [3(g-l)gB'  - 3lt(g-l)g(g*l)(g*2Kg»3)(x-p)®)Ax-a,® 

- [«h-l)hR'  - 5K(h-l)h(b*l)(h*2)(b*S)(x-a)’]Ax-?)* 

- (g-2)(g-l)gRAx-a)*-  (b-2)(h-l)hH/(i-P)* 

- 6^'Ax-»)U-P)  - 3g(b-l)bH/{x-a)(x-p)* 

- S(g-l)ghBAx-ci)®(x-p)*  T’  - R’" 


. SOK(  g*l)  ( g.a)  ( gtS)  (h-.s)  (h4.3)  (x-?) 

. 50K(g*S)(g*5)<h*lUh**Mh*5M*-‘i). 

SlJica  R and  T are  polTnonials  of  dagre©  at  neat  four  and  twOj 
reapecttvalj',  equation  (4.63)  la  of  first  degree.  For  oomanienee 
let  the  numerators  of  the  fractional  terms  In  the  ri^t  member  of 
equation  be  designated  as  follows: 

(4.64)  Vj^C*)  ■ (gT  - 3gR"  ♦ lSltg(8*l)(g‘*)(8‘3)(h-.5)(*-M*l, 

(4.65)  8j^(x)  * [hi  - ShR"  . UK(g*3)h(btl)(ht2)(h.5)(x-o)^], 

(4.66)  Vj(x)  w [S(g-l)gR'  - 5S(g-l)g(g.l)(g-.2)(g*3)(x-3)®], 

(4.67)  8g(x)  » (5(h-l)hR'  - SS(h-l)h(htl)(h.2)(h»3)(x-c)®) , 

(4.68)  Kg  - (g-2)(g-l)g. 

(4.68)  • (h-2)(h-l)h, 

(4.70)  % . 6^, 

(4.71)  Hg  . Sg(h-l)h. 

(4.72)  Nj  . 8(g-l)tJi. 

The  fractional  terms  in  the  rl^t  member  of  equation  (4.63)  nay  b 
combined  to  yield  the  single  term 

(4.75)  [(x-a)*(i-6)\  . (*-q)®(i-P)*6.  - (x-o)(x-?)*Vg 

- (x-c)*(x-P)6g  - (*-?)\r  - (s-e)\R  - (x-»)*(x-6)®KiR 


- (jt-Q)*(x-P)B8R  - (x-aKx-^)*NJR]/U-a)®(x-p)^ 


(4.73)  THoishes  at  x . a,  tSen  - ( a-P) %gR ■ ( a)  . 0.  or 


(4.74)  HgH'(ci) g(«). 

SJjtilarly,  If  the  first  darlYStlTe  of  Uie  noMrator  of  (4.7S)  vanishes 

(4.75)  H,R'(P)  62(e). 

If  the  second  derivative  of  the  miiwrator  of  (4.73)  vanishes  at  x . a, 
2(c-e)\(o)  - S(a.e)®Y2(«)  - (o-e)®Y4(a)  - S(n-p)%(a) 

- (a-e)*v'(a)  - S(o-e)«HgB-(o)  - 5(o-e) 

- (o-e)®NgR”(o)  - 2(a-3)*M,^R'(ci)  - (c-p)*«3R'(c) 

- (o-p)*MjR'(a)  . 0, 


(4.7S)  S(a-P)Vi(a)  . evjCo)  - a{o-p)vg{o)  - 6HgRi(a)  - (a-p)«gR> '(«) 


- 2NjR’(q)  - ZNjH'Cci)  . 0. 

If  tiie  second  deriratiTe  of  the  muoeretor  of  (4.75)  Tanishee  at  x • 
it  follows  in  a aijnllar  manner  that 

(4.77)  li(p-a)5j(p)  - 66j(p)  - 2(p-a)6j(P)  - 8H,R'(«  - Cp-o)Ni,R"(p) 

- 2N^R’(p)  - ai2R'(P)  . 0. 

Substitution  of  the  expressions  for  H , v,(i),  Njj,  and  SgC?)  fnxi 
equations  (4.68),  (4.69),  (4,66),  and  (4.67)  into  equations  (4.74)  and 
(4.75)  yields,  after  dlTision  by  (gel)  and  (hel)  respectirely  [by  equa- 
tions (4. SI)  and  (4.S2),  (gel)  > 0 and  (hel)  > 0], 

(4.78)  (g-l)gR'(o)  . SK(g-l)g(gea)(geS)(e-?)*, 

(4.79)  (h-l)hS'(9)  . 3K(h-l)h(heZ)(heS)(9-c)*. 

Equations  (4.78)  and  (4.79)  nay  be  written 

(4.B0)  B'(n)  . 3K(ge2){fe5)(a-p)®  for  g ^ 0,  g / 1. 

(4.81)  Ri(p)  . 5K{he2)(heS)(?-a)*  for  h / 0,  h / 1. 

Substitution  of  the  expressions  for  vj(e),  Vj(u),  N-,  Nj,,  H^,  Nj,  Nj, 
6j^(8),  and  8j(p)  from  equations  (4.64),  (4.86),  (4.68),  (4.S9),  (4.70), 
(4.71),  (4.72),  (4.65),  and  (4.87)  into  equations  (4.76)  and  (4.77) 
yields 


(4.BZ)  2g(a-p)T(a)  . g(g*l)(g*a) Ce-P)R"(<>)  ♦ 6g<g*l)(gth-l)s' (e) 
-6!;g(  g.l)  ( g»2)  (g*S)  (6g*Sh*9)  ( B-3)  *, 

(4.88)  a(p-c)T(p)  . h(h.l)(h4?)(M)R"(P)  . 6h(h»l)(6*h-l)Il'(B) 
-6KJi(h4l)(h42)(h4S)(5g*Sb*9)(B-o)®. 

Equations  (4.BS)  and  (4.02)  may  ba  urittan 

(4.84)  «c)  . i(g4l)(g»Z)R”(a)  4 -5-(g.lHg4h-l)R'(a) 

2 o-iJ 

- 3f[(g4l){g42)(g45)(6g.Sh*9)(o-B)*  for  g ^ 0, 

(4.85)  T(?)  -i(h4l)(h4Z)R”(p)  4-L(h4l)(g4h-l)R'(p) 

8 

- 3!;(h.l)(h4a){h4S)(5g4ai49)(p-a)*  for  h / 0. 

Kov  aquatlone  (4.4S)  and  (4.80)  togoUier  Imply  -(g4l)  • K for 
0 < g < 1,  Bbt  thia  ia  ii^aaibla,  since  K |/  0,  g ^ 0.  Tbus  the 
orthogonalily  conditions  cannot  be  satisfied  for  0 < g < 1,  ao  in 
view  of  equation  (4.5l), 

(4.86)  g . 0 or  g>  1. 

Similarly,  equations  (4.46),  (4.81),  and  (4.58)  require 

(4.87)  h . 0 or  h 2 1. 

For  g • I4  equation  (4.45)  becomes 

R'(q)  . S6K(o.p)*,  for  g.l. 


(4.88) 


SinilArlf]  equa 


C4.«) 


C4.69)  R'(p)  . 58K(p-a)*.  for  h . 1. 

Orsfol  coaqjsirigoa  of  equation  (4.80)  with  equationa  (4.SS)  anii  (4.88) 

(4.90)  R’(c)  - 3R(g.2)(pS)(«-8)®. 

Similar  conq>ariaon  of  equations  (4.81)^  (4.88).  and  (4.89)  yields 

(4.91)  R'(8)  - SK(h*a)(h*3)(M)*. 

Equations  (4.89),  (4.57),  (4.86),  (4.60)  through  (4.63),  (4.84)  throu^ 
(4.87),  (4.90),  and  (4.91)  wnetitute  the  totality  of  restrictions 
lupoaed  on  coefficients  Q,  R,  S,  T,  and  0 ty  the  nine  orthogonality 
conditions  with  P - Wi-o)’(i-?)®,  K / 0,  and  v . (w)®(a-p)*'. 

The  choice  of  w(x)  . (x-a)8(j[.9)>',  i*ore  g.O  or  g>l  and 
h ■ 0 or  h > 1,  will  aerse  as  a weight  function  In  the  orthogonaliza. 
tion  of  the  solution  set  'y„l,  n . 0,1,8,  ...  , represented  by 
equation  (1.8)  of  the  differential  equation  (1.83)  over  Uia  fundamental 
interval  [n,?]  lAere  both  c and  p are  finite. 

Ihla  choice  of  w(z),  however,  Imposes  certain  restrictions  on 
the  coefficients  P,  Q,  R,  8,  T,  and  D of  the  differential  aquation 
in  the  satisfaction  of  the  nine  orthogonality  conditions.  It 


(1.83) 


lAere  K is  a constant.  With  this  font  of  P it  was  found  that  the 
ooafficiant  Q of  can  ba  written 

Q « 5K(*-c)*(x-«*[(g4.S)(*-p)  . (US)U-u)]. 

The  coefficient  E of  is  of  the  form  H * * AjX* 

H{a)  - R(p)  - 0, 

R'(o)  . SK(f*2)(g*S)(a-{i)* 

R'(p5  . 3«luZMh.J)(p-o)*. 

The  coefficient  S of  y'**  was  found  to  be  defined  T7 
S a^  . as  . JRi  - 5K[(g*l)(g.2)(gt«(x-p)* 

* 5(g.2Kg»5){h.3Kx-o)(x-p)^  * 3(g*5)(h*a)(h,8)(xHi)*(x-p) 

. (h.lKh.2)(h*3)U-o^®]. 

The  coefficient  T of  y"  is  of  the  fora  T ■ * Bj, 

B.  ■ constant,  i ■ 0,1,2,  and  it  was  found  that 

T(a)  . R"(a)  . 7gK(h*3Ko-3)®  for  g - 0, 

Kp)  . R”(p)  - 72K(g*3)(M)®  for  h . 0, 

T(c)  .i(g4.1)(g+8)R''Cc)  *^g.l)(g.h-l)R-(a) 

- 3K(g*l)(g*8)(g+3)(8g*Sh4.9)(o-P)*  for  g ^ 0, 
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KP)  .^ha)(h*8)R”(p)  *^(h*iKi.h-i)H'(p) 

- »(h*l)(lu.2)(h.J){Sg*a4«Kp.a)*  for  h 0. 

Uie  ooefficiont  D of  mss  found  to  bo  doflnad  tp 

U » [gl  - 3gR"  . 15Kg{g.l){g*2)(g*3)(h*!)(3e-p)V(*-«) 

. [hi  - as"  . iSK{g*s)h(h*iKh*a)(h»5)(*-n)®]/(i-?) 

- [«g-l)8H'  - 5KCg-l)g{g*lKg*2)(g.5Kx-p)*]/(*-o)* 

- [S(h-l)hRi  - 3K(h-l)h(h.l)(hta)Ch*S)(s-u)^]/(x-,'!)* 

- (g-2){g-l)gRAx-o)*  - (h-a)(h-l)hS/(:^p)* 

- - Sg(h-l)hR/(*-a)(*-P)* 

- S(g-l)ghRA*--i)®(i-P)  * T’  - R’” 

. S0K(gtl)(g*a)(g*5)(h»a)(h.S)(i-p) 

. 50K(  g,Z)  ( g.3)  (h»l)  (h*2)  (h4.S)  (x-o) . 


4a 


Eytwpi**  the  Fijiite  Internal 

Choosa  g . h . 0,  a - -1  and  p . 1.  Ihen 
(4.B1)  W-1. 

{4.E2)  P - K(x.l)®(x-1)®  . K(x®-&^*3x^-l). 

(4.ES)  Q - 5K(x.l)*(x-l)*(5(x-l)  ♦ 3(i*l)]  . 18K(x® -2x®Mc). 

(4.E4)  P * A^x*  * A^x®  . AgX®  . AjX  ♦ A^, 

(4.E5)  R{-1)  . R(l)  . 0, 

(4.ES)  R'(-l)  . 3K(Z)(5){-1-D®  . -144K, 

(4.B7)  R'(l)  . SK(2)(3)(1.1)®  . 144K. 

Successi've  differentiation  of  (4.C4)  ylalda 
(4.E8)  R'  • 4A^X®  4.  SA^X^  ♦ iAgX  * Aj, 

{4.E3)  R”  • 12A^i*  * 6AjX  * 2Ag, 

(4.E10)  RI"  . 24A^X  * SAj^. 

PraB  equations  (4.E4)  and  (4.ES), 

(4.EU.)  R(l)  s A^  4 Aj  * Aj  4 Aj  * A^  - 0, 

(4.E12)  R(-l)  • Ag  - Aj  4 Ag  - A3  4 A4  . 0. 

Solution  of  equatlona  (4. Ell)  and  (4.E12)  yields 


(4.E13) 


(4.H.4)  Aj  . - A^. 

From  equations  (4.E3),  (4.E6),  and  (4.E7), 

(4.E1E)  H'(l)  e 4A„  * SAj^  ♦ 2Aj  ♦ Aj  . 144K, 

(4.E16)  S'(-l)  I -4A^  ♦ 3A^  - 2Ag  * Aj  . -14«. 

Solution  of  equations  (4. SIS)  and  (4.E16)  jielde 
(4.E17)  Aj  - 7ZK  - EA^, 

(4.B18)  Aj  - -SA^. 

Equations  (4.E14)  and  (4.E18)  togetiier  is^ly 
(4. ns)  Aj^  . Aj  . 0. 

Substitution  of  equations  (a.ElS)^  C4.E17),  and  {4.E19)  into  aquations 
(4.E4),  (4.E8),  (4.E8),  and  (4.E10)  yields 

(4.E20)  H m A^n*  ♦ (7tX-U^)x^  . (Ag-7EK), 

(4. ESI)  R’  a 4AjjX*  ♦ (144K-4A^)x, 

(4.E22)  R”  m lEAgX*  ♦ ( 144K-4Ajj) , 

{4.B2S)  R"  ' a «4Ajjr. 

Now 

(4.E24)  S a 8A„X*  * (E88K-8A„)x  - SK£(l)<a)(  S)(x-1)  * 

. 3[E)<S)(3Kx*lKx-l)®  ♦ S{S)(2)(S)(x.l)*(x.l) 


A 


(l)(2)(3)tx»l)n 


» (BJl^-600K)i®  . (64eK-BAg)x. 


(4. EM)  T ■ ♦ Bg, 

(4.S26)  T(-l)  . iaH|j  ♦ 1441C  - 4*o  - 72K(J)(-1-1)* 

{4.E27)  T(l>  - 8ij,  - 720iC. 

Prom  aquations  (4.E25),  (4.ES6),  and  (4.E27), 

{4.E28)  T(-l)  - . Bg  . 8A,  - TSCtK, 

(4.Ea)  T(l)  ■ Bp  * . Bg  . BAg  - 720K  . 

Solirtton  of  oquatlons  (4. EBB)  and  (4.E29)  yields 
(4.E30)  Bj  - 0, 

(4. ESI)  Bg  . 8Ap  - Bp  - 720K. 

Substitution  of  equations  {4. ESC)  and  (4.ESI)  into  equation  (4. MS) 
yields 

(4.ES8)  T ■ BpX*  . BAp  - Bp  - 720S, 

Differentiation  of  equation  (4.E3B)  yields 
T-  - 2BpX. 


C4.ESS) 


(4.EM) 


. jo«2)(s)(iKeKs){x*i) 

(ZBj  - 2«o  ♦ 21®K)x. 


{4.ES5)  (x®-Sx^*Si*-l)y^  * ie(x®-Zx®*x)y*  ♦ 

* t.-Zix^*7Si)y'^' ' ♦ C-184x^40)y”  . 54xy^  *•  0 

Solutions  of  the  fora 

(4.ES6)  7„  . s,^-3  , »a„  li  0. 

will  ba  obtained. 


-184x’*40  r'n 


-24X**72x  y^' ' 


18x®-S6x®*18x  yj 
x®-5i*tSx*-l  7^ 


■ “on*^  * •••  * «m  ■ ® ° 

- * •••  * *n-l,n 

. n(n-l)a^-^4.  ....  2a„.2,n 

. n(n-lHn-8)d„^®  * ...  ‘ 6a„.3,n 

. n(n-l)(n-2)(n-Sla^*  . ...  . 24a^4,n 
. n(n-l)(n-2MT.-N(n-4)e„^®  . ...  . 120^-5 
. n{n-lMn-2)(>>-3)(u-4)C»-5)ton*^®  * •■■  ‘ « 


lAiish 


hlgiiefft  power  of  x 
eqiiatioa  of  the  ooefflolent  of  x'‘  Iji  the  differential  equation  to 
aero  yielda 

(4.E57)  . -6ta  . 184n(n-l)  . S4n(n-lMn-2)  - ?2n(n-l)(n-8)(D-S) 

- 18n{D-l)(n-8Un-SKn-4)  - n(n-l)(n-«)(n-3Hn-4Mn-S) . 

For  each  choice  of  n,  n . 0,1,2,  , the  value  of  in  the 

differential  equation  (4. £35)  la  detenalned  fr^  equation  (4, £37), 
and  a pol^noedal  solution  of  degree  n of  the  differential  equation 
can  be  obtained , The  detaminatione  of  a few  of  these  solutions  follow. 


Let  n . 0.  Then  hy  equation  (4. BSS), 
(4. £38)  . Sjig. 

How 


Let  n . 1.  Ihen 


•yl  t t , ylT  . yV  . yVi  , Q 

'l  'l  ■'l  'l  ' 


64a^jx  - ♦ £ii)  . 0, 

0 • 84a^^x  - 64ai]^  . 0. 

Ihua;  a^u_  la  arb-'trajy  and  a^^  ■ 0-  Hence 

(4.SS9)  yi-^ol’^- 

^8  ■ ®o«**  * * ®S2’ 

4 ■ *®o8*  * "12' 

Va'  - *«o2> 

Ig  . -94(2)  » 104(2)Cl)  . 240. 

Equation  o£  coefficients  of  HTce  povera  of  x in  the  differential 
equation  yields 

I*:  -SSSa^j  » 128a„2  * 240a^g  ■ 0 • a,g  . 0. 


»«c2  ♦ 240*22  . 0. 

Biua  is  arbitrary,  a^^  - 0,  and  ®22  ■ " 'J  %i' 

(4.E40)  yg  . a^g(x*  - i)  . 


* *1!*®  ♦ *23*  * «J3. 

* *^3*  * *23’ 
y'i  • 6*03=^  ♦ *®13. 

^3  ■ ®®oS’ 

S'!’  “ ’'I  ' ’’?  * °’ 

Ij  - -192  . ie4(5)(2)  . 24(5)(2Kl)  - 10S8. 

Equation  of  ooeffieientB  of  like  powers  of  x iji  «ie  differential 
equation  yields 

-l«“o3  - ^10*«oS  *•  192a„5  ♦ 10S6e,s  • Q • e^j  . 0. 

X*!  ■*®®*1$  * ^®*1S  * ® 61®»i3  - 0- 

X = 4Ma^j  * 240a^j  . Ma„  ♦ lOSSa^j  . 672a^3  * 1120a„ 

I®'  eOBjj  » lOSSajj  . lOSSajj  - 0. 

Ihua  a^3  is  arbitrary,  a^j  . 0,  a^j  . - | a^j,  8,5  . 0.  Kenoe 

<4.E41)  y,.a^j(xS.|x). 

> «14*®  • »24=^  ♦ «„>;  * *,4. 

* * *>24  * >34- 


“14*  * 


I4  . -8S6  » 1B4(4)C3)  * 84UK3)(2)  - 72(4)CS)(«)(l)  - 

Equation  of  eoafflolants  of  lUts  povors  of  X in  the  diffSrantlal 
aquation  yields 


-144014  - 1104814  ■ '^««*14  - 0- 


-17saajj4  ♦ 1728a„4  - S68aj4  t 4808^4  ♦ 1288^4 
. 800824  " ®®°“24  * ^“o4  ■ °- 

43Z8i4  » 240814  * S4Sj4  ♦ 8OO854 
■ 14008J4  . S72bi4  . 1400Sj4  - 0. 


X-:  808g4  * 8OO844  . 0. 


{4.E421  y4  - a44(*^  ' y** 


nl^t  be  coQaidered  ee  analogous  to  a set  of  Jacobi  polTnomlals. 


CHiPlEft 


SOUmaHS  in  the  SEJa-IMFimiE  DITBRVAi 


InflJiity  in  ons  direction  wiU  be  considered.  The  two  possible  senl- 
inflnite  intervsls,  .(-eo,a]  and  (a.oo),  are  fundamentally  the  sne, 


The  '*'ei^t  fiinetion  w(s) 

As  in  Chapter  IV,  the  possibilities  of  the  venlshlnj  of  v<z], 
v'(z),  V'(z),  v'"C*),  and  wi^x)  at  tho  finite  value  x . a must  be 
conoidored  If  w(x)  is  to  play  its  part  in  the  aatisfactlon  of  the  nine 

approaches  infinity.  For  the  sake  of  convenience  the  condition  that 
Unit  f(x)  . 0 


The  fact  that  P ia  a polynoraial  prohibits  the  vanishing  of 
P as  X approaches  oo.  Consequently,  orthogonality  oonditioo  (i) 


requires  tost  s<x)  raoish  as  x approecbes  m,  Sisiilerly,  orthcg- 
onallty  eonditions  (ii),  (ill),  (»),  and  (rt)  require,  respectively, 
that  »'(*),  H"(x),  w"'(x),  and  w^^(x)  each  vanish  es  x approaches  <d, 
Condltione  (vll),  (vlll),  and  (lx)  require  that  s be  a factor  in  each  can 
of  tba  right  oomber  of  the  identity.  Consequently,  if  w',  w”,  u’", 
and  are  each  expressible  as  the  product  of  v and  a rational 
function  in  vhlch  the  dsnonlnator  divides  the  nunerator,  the  fom  of 
w sill  be  such  that  the  nine  orthogonality  conditions  are  satisfied. 
Consider  a ohoioe  of 

(S.l)  -.e-l^Cx-u)*  h>0, 

idierB  g and  h are  real  constants.  Successive  differentiations  of 
equation  (£.1)  yield; 

(S.*)  »>  . -he-'^x-a)8  . ge-'“(x-«)e-^ 

. e-‘“(x-u)*(-h(x-o)  * 6]/(x.o),  . 

(5.S)  V-  . hV'“Cx-u)8  - 2ghe-‘“(x-a)8-l  . (g-l)ge-'“(x-a)e-* 

- e‘^(x-e)®[h*(x-a)*  . 2^(x-a)  * Cg-l)g)/(x-o)*, 

(S.4)  will  • -h*a''“(x-a)®  ♦ 3^^e"*’*(x-n)®'^  - 3(g-l)^o"^(x-c)^“* 

♦ (g-2)(g-l)ge-'^x-u)*-® 

- B‘'“(x-u)6(.h*(x-a)*  * S^*(x-a)®  - S(g-l)^(x-o) 

* (g-2)(g-l)g]/(i!-a)*. 


(S.6)  wi’ 


S9 


(S.6)  . hV>«(x-a)*  - 4gh«. 

. 6(g-l)gliV»*(«)8-2 

-4(g-8)(g-l)^e'^(. 

x-c)*-®  * (g-5)(B-2)(g-l)ge’’“(x-a)*-* 

. a-'“(x^)*[h’(xHi)^ 

- 4gh®(*-a)®  * 6(g-l)gh®(x-«)* 

-4(g-2)(g-l)gb(x-«) 

♦ (g-5)(g-^)(g-l)£l/(x-=)^ 

(5.6)  w’  . -h®e-'“(x-e)*  t EgL 

^e-‘“(x-o)6-^  - 10(g-l)gti®s-‘“(x-a)«-* 

lD(g-8)(g-l)^^‘'“(x-a)S-®  - S(g-S)(g-8)(g-l)gh«-*“{x-af 

(g-4)(g-S)(B-S)(g-l)ge-'^*-a)®'® 


. e-'^*-Q)8[-hS(x.«) 

® . 5^*(x-a)*  - 10(g-l)#*(x-c)* 

• 10(g-2)(g-l)gh*(x 

-a)*  - SCg.S)(g-8)(g-l)gh(x-o) 

- (g-4)(g-S)(g-8)(g 

-l)gV(x-«)®. 

aus,  for  h > 0 and  Hi 

th  suitable  reatrlctions  on  g. 

w . s'’“(x-o)S  HlU  saUsfg  tha 

orthogonality  conditlone. 

ae  LeadljiF  Coafficiant  P(x) 

Kalthar  tha  ftmction  a‘ 

““  nor  any  of  its  derivatives  vanish 

at  aiig  finite  value  x • a.  au 

.a  the  contradictions  obtained  in 

aapter  IT  i^n  tba  aaaunption  t 

hat  P(x)  could  have  x « a as  a 

root  of  nultiplici'^  leaa  than  t 

hree  will  UXewisa  ba  obtained  if 

the  factor  (x-p)*'  in  tha  finit 
function  v(x)  la  replaced  by 

. ™i*. 

of  ita  derlvativaa  vani*  at  the 

' finite  value  x - o.  Consequently, 

P(x)  - (x-a)®V(*).  whera  V(i) 
»u«h  tii«  V(a)  i 0. 


polynomial  of  dagree 


Application  of  ortliogopalltr  condltlopa.  With  the  choice  of 
V • e"^x-a)®,  h > 0,  and  P m (x-o)^V,  conditioD  (im)  requires 

e-*«C»-a)«(5  ■ S[e-‘“(*-e)6‘3v]- 

. 3[-ha-‘^x.c)8**V  * Cg*S)«-'«(m-o)P‘Sv 

(S.7)  Q ■ 5(x-e)*[-h()M)V  * (g*S)V  ♦ (i-a)v']. 

Let  V ■ CjpX®  *.  C^x*  -f  CgX  . Cj.  Then 
CS.8)  Q = S(x-a)*£-h(:M)(C|jX*  ♦ * CjX  * Cj) 

r (grS)(Cj^*  * CjX*  . 0^*  Cj)*(x-o)(K,x*  * ZCjl  . C^)\. 

The  ooeffioient  Q is  a polynomial  of  degree  flTO,  at  most,  so  the 
coefficient  of  x®  in  the  ri^t  member  of  equation  (5,8)  must  raniah. 
Renee,  -SbCg  > 0,  lAloh  implies  ■ 0 since  h ^ 0.  17100 

(5.9)  V e CjX®  . OgX  * C,. 

Orthogonality  condition  (sil)  requires 
e-'^x-c)8s  e 2[e-‘“(x-u)«R] ' - S(s-*“(x-o)**M' ' ' 

■ -2he-'*(x-a)8R  * age->^x-a)e-^  . 8e-'^x,u)8R' 


* - lS(g-!)hV*”(i-a)8**V 

- lShV‘^x-a)S*V  ♦ 15(g4.2Kg*S)he-*^i-<.)6*lv 

- S(g*l)(g.2)(g.S)e-*^x-a)8v.  15[ g*S) Cg*!)a'’^*-«)**V 

. 30(g*3)he-‘*^x-a)8*av', 

(S.W)  8 ■!§  * *R’  - 8hR  - S(g*l)(g*2)(g-f3)V 

. lS(g*4)(g.5)h(x-<i)V-  15(g.8l(g43)(ie-<i)V’ 

» S0(g4S)h(x-ei)2v’  - lS(g4S)h*(x-c)*V 
. Sh*(x-o)®7  - la^i-o^V. 

polynomial  nature  of  S requires  that  (i-e)  divide  2gR  In 
tho  light  neober  of  equation  (5,103,  ^hiob  ijoplies 

(S.U)  R(o)  . 0,  for  g / 0. 

Prwn  aquation  (5.9),  V * * CgX  + Cj,  and  hence  V'  ■ ZC^x  ♦ Cj. 

let  R ■ A^x*  » A^x^  4 Agi®  4 AjX  4 A^,  so  that  R'  » AAj,x*  4 SA^x* 

4 SA^  4 Aj.  Then  aquation  (S.IO)  becomes 

(5.12)  5 ■ Zg(A^x«  4 A^xS  4 AgX»  4 A3I  4 A^)/(x-»)  4 BA^x*  4 8A^x2 

4 «jjX  4 RA,  - ZhA^-  ZhA^x*  - ZhAjxS  - ZhAjX  - ZhA^ 

- S(g4l)(g*Z)(g.SKC^x*  4 0^  4 O5) 

4 lS(g4Z)(g4S)h(:wi)(C^xS  . CjX  4 O5) 


- lS(g.a)[g,S)(x-i)(2CjX  ♦ Cg)  * 30(g»5)h(x-af(2Cj^x  . Oj) 

- lS{g»5)h®(x-o)*(C^x*  ♦ Ogi  4.  Cj) 

♦ Sh*(x-o)®CCjX*  » CgX  ♦ C5)  - lSh^(x^)*(2CjX  * Cg) . 

S^jioa  S ie  a polyiwnlal  of  degrea  thraa,  at  lost,  tha  coafficienta 
of  x^  and  x^  In  tha  ri^t  naabar  of  aquation  (5.12)  auat  aanieh. 
If  the  coafficiant  of  x^  vaniahas,  then  5h^C,  ■ 0,  ^Idx  Impllee 
C«  a 0 since  h > 0,  Urns  froa  aquation  (5.9), 

(5.13)  V a CgX  . Cj. 

Hov  if  the  coafficiant  of  Tanlshea,  than  -2hA  * Sh^Cg  • 0. 

Since  h > 0,  this  Is^liea  > .£h^g,  so  that 

(5.14)  ® ® I"  ♦ A^x®  • AgX^  * AjX  * A^. 

Orthogonali'^  condition  (alii)  roqulras 

B-^^x-o)^  a [3-'®{x-o)*T]'  - [a-*“(x-a)%]’”  . 3[b-‘^x-q)«*^]'' 
a -he-*^x-c)eT  . ga-‘>*(i-c)8-lT  * a-'^x-c)*!' 

♦ h*e'*“(x-a)8R  . S^*a''“(x-o)*'^  - a*e'’“(x-c)*R' 

♦ 3(g-l)^e-‘^i-c)*-*H  - (g-2)(g-l)ge-'^i-<i)8-^ 

- 3(g-l)ge-‘“(i-o)8-S!'  . 6^a’'“(x-n)*'^’  ♦ aio-'^x-o)*R" 

- 3ge-'>*(x-o)8-%"  - e-'^x-c)8R"'  - 3hV*^x-a)«‘»V 
. lS(g*3)hS-'^x-<i)8''*V  ♦ lSh’a-'^x-a)8‘*V 


6S 

- S0(g*2)(g.5)h*e-‘^x-o)«*^  . 60(g4.3)hV^x-a)8**V' 

• 30(g*l){g*2)(g.S)hV“(x-o)*V  * 90(g.S)(g*S)hV'“(x-a)«*V 

- lSg(g.lKg,a)(g.3)he-*“(i-a56-^V 
. 60(g*l)(g*2Kf*!)be"'^i-«)8v' 

• 15g(g.l)(g.2)(g*3)9'’“(x-o)S-V, 

• lS(g*S)h^(x-j)*7  ♦ 15h^(i-B)V  - S0(g*2)(g.3)h*(x-c)V 

- 60(gtJ)h*(»-c)*V’  * S0(gtl)(g*2)!g*3)h^V  4-  90(g.2)(g*3)h^x-o)V 

- eO(g*lMg.2){g*3)h7'  * [gl  - 3gh*R  ♦ 6^’  - Sgfi" 

- lSg(g4l)(g.2)(g.5)hV  4 lSg(g4l)Cg42Kg4S)V']/(x-a) 

• [S(l-l)0lB  - 3(g-l)gR'  * 3(g-l)g<g4l)(g42)(g43)V]/(x-a)* 

- (g-*)<g-l)gft/(»-o)*. 

From  equation  (S.13),  V ■ CgX  4 Cj,  and  hence  v'  . C^.  From  equation 
(3,14),  R m^h^gx^  4 4 Agx^  4 Ajx  4 A4,  and  banco 

R'  ■ 10h*C^*  4 SAjX*  4 2Agi  4 Aj,  ft"  ■ SOh^Ogx*  4 6AjX  ♦ 2Ag, 
ft'"  = eOh^gi  4 6A1.  Let  T ■ 2^x2  4 B^x  4 B^,  eo  that  T'  a 28^^  * 

Ihen  aquation  (5,15)  baconae 


(S.IS) 


U » fflgj:  * Bi  . h(Boi*  . Bii  + Bg)  * h’(|-h2i:gx*  ♦ 

♦ Ajx*  * Aj*  * A^)  . 5h*<10h®CgX^  ♦ SAjX^  . BAgX  ♦ Aj) 

. a(30h®CgX*  . 6AjX  » SAg)  - (60h*CgX  . BA^) 

- a®(x-a)®(Cg*  ♦ Cj)  * lS(g,S)h^(x-a)*(OgX  * C,)  » lSCgh^{x-a)* 

- S0(g*8)(g*S)h*(x-aKCgx  , Cj)  - 60Cg(g.S)h®(x-a)* 

. S0(g*l)Cg»2)(g*S)h*(CgX  ♦ C5)  * 90Cg{g*2)(g.3)l>*{)t-a) 

- 600g(g.l)(gt2)(g.3)h  . [g<BgX*  . B^x  . Bg)  - S^®(ih*CgX* 

. Aji’  . . Ajx  * A^)  ♦ 6#(10h*CgX*  * SA^x^  . 2AgX  * Aj) 

- ^50h*CgX^  4.  6A^x  4.  Mg)  - lSg(g4l)(g42)(g4.3)h(0gX  * Cj) 

4 lSCg6(g.a)(g4S)(g4.3)J/U-«)  4 t3(g-l)gh(|h2|5gx« 

4 A^l*  4 AjX*  4 AjX  4 A,)  - S(g-l)g(lQh®CgX*  4 SA._x®  4 MgX  4 Aj) 
4 3(g-l)g(g-l)(f4Z)(g4S)(CgX  4 CjJ/(x-a)2  - (g-Z)(g-l)g(f  h^CgX^ 
4 A^x®  4 Agx*  4 AjX  4 A^)/[*-.i}®. 

Slnos  0 la  a firat  degraa  polynomial,  tbo  oooffielanta  of  x^,  x®, 
and  X®  in  the  ri^t  nember  of  equation  (5.16)  muat  vaniah.  If  the 
coefficlant  of  x'  ranine,  then  ^ h^Cg  - a^Cg  ■ 0,  thlch  iji^liea 
Cg  ■ 0 aince  b > 0.  Ibae  from  equation  (5,13), 

(S.17)  V.Cj/Oi 


and  from  aquation  (5.14), 


(S.18) 


R « AjX*  -f  * Ajx  * A^ . 

Mow  if  tha  coefficient  of  *®  vanlahes,  than  h*A^  - a®Cj  - 0,  i*ioh 
iopliea  A^  * ^ ^ since  b > 0,  Tbw  equation  (5.18)  becomes 
(5.19)  R e * AgX®  4 A^  4 A^. 

Now  if  the  ooefficient  of  vaults,  then  -hflg  4 h^Ap  - 87h^C- 
4 9oh®Cs  4 lS(g4S)h’Cj  . 9gh’Cj  . Oj  or  since  h > 0, 

®o  “ ♦ 6)h^Cj.  Hence, 

(S.K)  T e [h^A^  4 S(8g4ai046)h*Cj]x^  4 4 Bg. 

Equation  (5.15)  may  now  be  written 

(5.81)  U ■ T'  . hT  4 4 aiR"  - lah^Cj  - SC^5(x-c)® 

4 15Cj(g*J)h*(x-a)®  - S0Cj(g42)(g45)h^(»-c) 

4 30Cj(g4l)(g4Z)(g45)h^  4 [gT  - 5*®H  4 6^'  - 3gR" 

- 15Cjg(g4aKg42)(g4S)hlA*-a)  ♦ [5(g-l)^  - S(g-l)gR’ 

* 5C,(g-l)g(g-U(g42)(g4S)]/(x-a)*  - (g-8)(g-l)gR/(x-u)®. 

For  conrenienoe,  let  the  nuneratcre  of  liie  fractional  terns  in  the 
right  nmber  of  equation  (5.21)  be  designated  aa  follows: 

(5.22)  y*)  a gl  - s^*R  * 6^'  - 5gS"  - 15Cjg(g4l)(g42)(g43)h, 

(5.23)  Yg(i)  e S(g.l)Sdt  - 5(g-l)gR'  4 SCj(g-l)g(g4l)(g42)(g4S), 


(5.24) 


(g-2)(g-l)«. 


Tha  Iraetlonal  tama  In  the  right  namber  ot  aquation  (E.21)  may  bo 
ccmbined  to  yield  tha  aingle  tena 

(5.25)  [()c-q)\  . (x-o)Vg  - HgRV(x-a)’. 

^a  polynomial  nature  of  U raquiraa  that  tha  nunarator  of  the  term 
repraeentad  by  axpreeslon  (S.RS)  be  divisible  by  the  dencolnator  (z-a)° 
of  the  tena,  A nacaaeary  and  sufficieot  condition  that  thia  be  true 
is  that  the  nvnerator  and  tha  first  and  saeond  darivatlvea  of  the 
nunerator  vaniA  at  x • o.  If  the  nunerator  of  expraaaion  (5.E5) 
vanidiea  at  x . a,  then  « (g-2Kg-l)gR(o)  • 0.  But  equation 

(S.U)  has  already  inposed  tba  condition  H(o)  ■ 0 for  g / 0,  eo  no 
nav  raetriction  is  obtained.  If  the  first  darivativa  of  the  numerator 
of  (5.2B}  vaniehos  at  x e then  Ig(a)  . Ngft'(a)  ■ 0,  or 

(5.26)  HgR’(o)  . Tj(a). 

If  tha  second  derivative  of  the  numarator  of  (5.25)  vanishes  at  z ■ a, 
then  2Y^(o)  » 2Yj(o)  - NgR”(n)  - 0,  or 

(5.27)  NgR”(o)  . 2[Yi(a)  . ?^(n)]. 

Substitution  of  the  eaqireasions  for  '*'2*  ^ equations 

(5.22),  (S.2S),  and  (5.24)  into  equations  (5.26)  and  (5.27)  yields, 
after  dividing  by  (g-l)g  and  g,  respectively,  and  making  use  of 
equation  (5.11): 

(5.28)  (g-5)H'(a)  . -Kj(g*lKg.2)(g«S)  for  g / 0,  g ,f  Ij 


(5.89)  T(a)  - ^g*l)(g.a)R"(e)  - 3(g4.1)hH' (a) 


♦ lSCj(g*l)(g*9)(g*S)h  for  g/C. 

Nov  g - 5 iogilaeB  a ooDtradlction  in  equation  (5.28)t  alnco  from 
equation  (5.17)  Cj  ^ 0.  Hence 

(5.30)  g A 5. 

In  view  or  equation  (5,17),  equations  (5,7)  and  (5.10)  may  be  rewritten, 
respectively, 

(5.51)  Q • SCj(x-*)*[(g»5)  - h(x-c)], 

(5.52)  S e 8gR/(x.a)  * 8R'  . lihR  - 5Cj(g*l)(g*9)(g.S) 

» lSCj(g*Z)(g*3)h(x-«)  - lSCj(gt5)h*(l-o)* 

. 5Cjh*(x-«)®. 

Orthogonality  condition  (i)  requires 
(5.SS)  - CjC  ^(x-n)®*^  ■ 0 at  X e a and  at  ». 

Since  h > 0,  the  condition  is  satisfied  at  co.  If  uP  is  to  vsjiish 

(5.S4)  g . -5. 

Condition  (il)  requires 


(S.SS)  (rf)'eCjI-h 


. * (g.!)]  .0  at  X . a and  at 

Since  h > 0,  the  condition  ia  satlafled  at  tn.  If  g > .2,  the 
condition  la  aatiafied  at  x - a.  Rovever  if  -3  < g < -Zj  then 
(g*S)  - 0,  ^diich  is  iopoaalOle.  Hence 

(S.M)  g>-2. 

Condition  (iii)  requlrea 

{S.J7)  . CjIhVh^x-ajStS  . 8Cg*S)he-'»(x-o)6*2 

. Cg.S)(g*S).-'^*-a>8*’-] 

«Cja-*“(x-Q)«-‘^[h^x-a)®  - 2(g.5)h(x-a)  . (g.8)(g*5)] 

Since  h > 0,  the  condition  ia  aatiafied  at  co.  If  g > -1,  the 
condition  ia  aatiafied  at  x ■ a,  Houexer  if  -2  < g < -1,  then 
(ge!S)CgeS)  ■ 0,  ^ich  ia  Ixtpoaaible.  Hence 

(s.sa)  g > -1. 

Condition  (It)  requiroa 
CS.S9)  rf  - Crf-)”  . e-*“(x-o)«R  - (eP)" 

- e-’“{x-»)*rR  - Cj(x-cnh*(x-o)® 


- 2(g»3)h!x^)  * (g*2)(g*3)]} 


Since  h > 0,  the  ccDdltlon  ia  aatlefisd  at  oc.  If  g > 0,  the 
condition  is  satisfied  at  x . e.  Rowever  if  -1  < g < 0,  then  the 
condition  is  satisfied  at  x . e onlj  if  R(o)  - 0.  But  fn»  equation 
(5.U),  R{e)  . 0 for  g ,<  0.  Hence 

(6.40)  R{e)  - 0. 

Condition  (t)  requires 

(6.41)  (uft)'  - 5(itf)”’  a .hB'’“(x-a)*R  . ge'^^x-a)*'^ 

. e-'“(x-e)8R’  ♦ C^rSiSe-t^x-e)*** 

- fi(g*S)hV*“(x-e)8** 

♦ 9(g.2)(g.3)he-‘“(x-e)e*^  - S(g*l)(gt8)(g«6)e-*^x-n)8] 
« e-*^x-e)«-l^[^  r (x-c)fR'  - hR 

- SCj(g*l)(g.Z)(g*S)  * B3(x-cH9(g*2)(g*5)h 

- 9{g.5)h*(x-c)  ♦ 3h®(x-e)^]l]  .0  at  i . 0 and  at  m. 

Since  h > 0,  the  condition  ia  eatiafied  at  co-  For  g > 1,  the  condi- 
tion is  satisfied  at  x - e.  If  0 < g < 1,  then  still  the  condition 
is  satisfied  at  x - n,  since  ^7  equation  (6.U)  H(a)  • 0.  If 
-1  < g < 0,  then  the  condition  is  satisfied  only  if,  in  addition, 

R'(e)  - hR(Q)  - SCj(gtl)(g.8)(gt3)  . 0,  or 

(5.42)  R’(q)  . 5Cj(g*l)(g*2)(g.S),  for  -1  < g < 0. 


Nov  equations  (5.26)  end  (5.42)  together  iapljr  -l/(g-5)  - 1 for 

cencot  be  setiefled  for  -1  < g < 0.  In  view  of  equation  (5.38),  then, 

(5.43)  g>0. 

For  g • 0,  equation  (5.42)  beooinee 

(5.44)  R'(il)  . 18Cj,  for  g • 0. 

Condition  (vi)  requires 

(5.45)  wT  - (>*)’■  * 5(i«’)^’’  * e-‘^x-o)8T  - hV“(x.a)8R 

. 2ghe-‘“(*-«)6-^  - (g-l)ge-'“(x.o)Si-^ 

♦ 2he-'^x-j*R'  - 2gs-'^i-o)S-lRi  . e"‘“(x-a)*R' > 

. - 12Cs(g.S)h*e-'^x-o)*** 

. 18Cj(g,2)(g*S)h*e-‘^x-a)8*^ 

. 12C5(g.l)(g.2)(g.5)he-*“(x-o)*  ' 

• SCjg(g.l)(g»8)(g*S)B"‘“(x-ci)®"’' 

« s-'«(x-4)S-*j^-<g-l)gH 
. (l-tt)[-2gR'  * 2^  * 3Cjg(g*l)(g*2)(g*5) 

. (&o)(l  - h®R  * 2hR'  - R"  - 12Cj(g.l)[g*2)(g.3)h 
. (l-o)!l8C5(g»2)(g»3)h*  - 12Cj(g*S)h*(x-a) 


condition  is  satlaflod 


dttlon  ie  satisfied  et  z . c.  If  1 < g < 8,  than  still  the  condition 
ia  satisfied  at  z . a,  since  ly  aquation  (S.40)  R(c)  - 0.  If 
0 < g < 1,  the  condition  is  satisfied  only  if,  in  addition, 

-2^'(c)  . 8^(c)  * 5Cjg<g*lMg*2)<g*S)  - 0,  or 

(5.46)  R'(a)  -|Cj(g.lHg»2)(gtS),  for  0<g<l. 

Now  equations  (S.8fl)  and  (£.46)  together  imply  -l/(g-5)  - 1/2 
for  0 < g < 1,  idiich  is  iDpossihle . Thus  the  orthogonality  condi- 
tions cannot  be  satisfied  for  0 < g < 1.  In  rleu  of  equation  {S.4S), 

(5.47)  g.O  or  g>l. 

For  g - 1,  equation  (5,46)  bacones 

(5.48)  R'(o)  . 56Cj. 

If  g - 0,  condition  (vl)  is  satisfied  only  if  T(a)  - h*E(a)  . 8hS'(s) 
- R”(c)  - 180j(g.l)(g*8)(g»S)h  . 0,  or 

(5.48)  Wa)  . 78Cjh  - aiRi(o)  * R"(n),  for  g . 0. 
Conblnatlon  of  equations  (5.30)  and  (5,47)  yields 


(S.SO) 


EqiiaUons  (S.09),  (S.80),  (5.21),  (S.2S),  (5.29),  (5. Si), 

(5.52),  (5.40),  (5.44),  (5.48),  (5.«),  and  (5.50)  constitute  the  totality 
of  restrictions  iaposad  on  ooeffiolests  Q,  R,  S,  T,  and  U t?  the  nine 
ortbsgonalily  conditions  tilth  P • Cj(z-n)^,  Cj  ^ 0,  and 
w.e-’^x-n)*,  h.O.  Inthe^ary  Cj  vlU  be  replaced  ty  K. 

the  Interral  (-o,g) 

h < 0 (rather  Wian  h > 0)  in  the  wel^t  function  w ■ e'’^(x-a)®, 

for  the  intenral  (-03,a].  With  this  interval  under  consideration, 
the  condition  that 


^ll^t  f(n)  . 0 


The  choice  of  w(x)  ■ a“*“(x-o)®,  tdiere  h > 0 {or  h < 0]  and 


the  orthOBonalisatlon  of  the  solution  sot  (y^),  n • 0,1,2,  •••  , 
represented  by  equation  (1.2)  of  the  differential  equation  (1.25) 
over  the  fundsnsnUl  interval  (e,<o)  [or  (-m,«J). 


onallty  oonditto 


? eK(x-d)*, 


constantj 


Q ■ 5K(x-o)*[(g»5)  - 

R ■ ♦ Ajx*  . Aji  . A^,  Aj  . constant,  1 . R,3,4, 

R(q)  . 0, 

R’(a)  - -^g.l)(«*2)(g*3)  for  g ^ 0,  g / 1, 
R'(a)  - 19K  for  g ■ 0, 

R'(a)  . S6K  for  g . 1| 

S * 8gRA»-a)  - 2R'  - 2hR  - 5K(g.l)(g»Z)(g»S) 

♦ lS!t(g*SKg,3)h(x-o)  - lSK(gt$)h^x-<i)^ 

T ■ (h®Aj  * 3K(Rg»3iia*6)h®]x*  ♦ B^x  * Bg, 

B,  ■ constant,  i « 1,2, 

T(o)  .^g.l){g.2)R"(o>  - S(g*l)hR'(<i) 

. lSR(g.l)(g*2)(g.S)h  for  g/0, 

T(o)  • 7aOl  - 2hR'(»)  ♦ R''(a)  for  g - Oi 
0 • T'  - hi  » h®R  - a*R'  . 3hR”  - ISKh^  - SKh®(i-o)* 


lSK(g*5)h^(i-o)^  - JOKgt2)(g.3)h*(x-o) 


MK(g*l)(g.E)(g*!)h®  . [gT  . SghSi  . 6^' 

5gB"  - lSKg(g*l5(g«-2)(g-5)l>l/(*-<') 

[3(g-D^  - S(g-l)^'  * SX(g-l)g(g-l)(g.a)(g.S)]/U- 


(g-*)(g-l)gH/(Xro)^ 


gami-jjifinlte  Interval 


[a,  CD),  asn 
(5.E1)  w . «-*. 

(S.SS)  P ■ Sx®,  1^0. 

(S.ES)  Q ■ 5Ex*(5-x)  * 5«3x*  - x*) . 

(6.M)  R s SKi*  4 Aji*  4 Aji  4 A^. 

(S.ES)  R(0)  ■ A^  . 0, 

(6.E7)  S * 2(9Ex^  4 ZAg*  4 ISK)  - 8(SKx*  4 A^x®  . 18Sc) 

- »K  4 901!x  - A5Kx2  4 SKx® 

" -Rx*  - (Z7K  4 RAj)*^  4 (5«  4 4Aj)x  4 6K. 

(S.BB)  T « (Ag  4 18K)l*  4 B^x  4 Sg, 

>diDrs 

(S.ES)  KO)  » Bg  . 72K  - S6K  4 SAg  . 38K  4 ZAg. 

(S.EIO)  U • Z(Ag  4 10E)x  4 B^  - (Ag  4 lBS)x*  - B^x  - 56K  - SAg 
4 SEX*  4 AgX*  4 18K*  - 27SC*  - 6AgX  - 5AK 
4 S«x  4 SAg  - IBK  - SKx®  4 4SKx®  - IWKx  4 180K 


» - (72!;  * 4Aj  * Bj)x  . (72K  ♦ 4Aj  . . 

T!iB  dlffarential  equation  ia  thus 

Ei*7^  * at(3*^  - **)yj  • (Sltt^  » AgX*  * ISKx)}^’' 

. [-Kx®  - (27K  * 2Aj)]t*  ♦ (E4K  t 4Aj)i  ♦ 6K]y^' ' 

. t(Aj  . 18K)x*  * * (S6K  * 2Aj)  ]y^'*  [-(7M  . 4Aj.  B^)x 

♦ (7M  ♦ 4Aj  ♦ a^)]y;  » Vn  • °« 
or,  upon  division  by  K 0, 

(S.EU)  x®y^  ♦ 3(Sx^  - x*)yj  . (Sx®  ♦ ^ x*  . 

♦ f.x*  - (27  . 2 ^)x*  » (S4  * 4 ^)x  * elyj,” 

- [(^  . 18)x'*^  X.  (56  * 6^]y” 

. [-(,2*4^. :|)x.  (72.4^. |t)]y; 

*^y  -0. 

Cbooee  ■ -ISK,  ■ K,  ^ e Tlian  equation  (5. Ell)  becoase 
(S.E12)  xVj;^  * (-S*®  • 9x®)yJ|  . (3x*  - IBx*  ♦ IBxjyJ'' 

4 (-X®  4 9x®  - lex  4 6)y^' ' 4 xy” 


(-X  4.  l)y;  4 . 0. 


Solutions  of  the  fom 

(s.sas)  . E "jn*"'-’’  V *•  °’ 


uill  bo  obteiiied. 


■ ®on*"  * • ■ • * *nn’  ®on  ^ ° 

- “on^'^  ♦ •••  ♦ ®n-l  n 

* 

- n(n-l)a^^xO"^  * ...  + ^n-2  n 

-A9x2-18x*6 

y;"  -n(n-l)(n-2)a^^i®-’  • ...  ♦ 6a^_s_^ 

3x5-lBx*tl&f 

y^’  . n(n-l)(n-2)(n-3)a^x^*  ♦ ...  * 24e^4,„ 

-3***9i* 

. n(n-l)(n-2)Cn-5)(n-4)a,„x^®  . ...  • l»an-S,n 

X* 

yji  . n(n-lMn-2)(n-S)(n-4)(n-S)a^^®  4 ...  ♦ TKa^g^n 

Tbe  highest  powr  of  x uhich  appears  le  n.  The  coefficient  of  x"  is 
[Ijj  - n - n(n-lKn-*)]e^  ■ 0.  Siiiee  ^ 0,  then 

(S.ni)  *1,  " " * n{n-l)(n-!). 

?or  each  choioe  of  n,  n . 0,1,2,  , the  rslua  of  le  detomlMS 

froB  equation  (5.E14),  and  a polynomial  solution  of  degree  n of 
equation  (S.E12)  can  be  obtained.  Ihe  detenslnations  of  a feu  of 
these  solutioss  follow. 


Ut  n - 0 


(S.BIS) 


80  tiiat  equation  (5.B1&)  bectfnas 


SiuB,  a^  ia  arbitrary. 


yi  ■ ®oi*  * “u" 


ao  that  equation  (S.E1&)  becamaa 


(-x*l)a,j^  •*  . a^  a 0 • a,j^i  ♦ - a^  . 0 

"^lus,  a^  ia  arbitraiy  and  a^^  * ~^ol'  ^naequantly 


(5.B16)  7j^  . a^jX  - a^j^  . a^j^Ci-l) . 


yj  . a^g*S  . a^gx  * a^j. 


so  that  aquation  (5.E12)  baocdnaa 


Sa„?*  * * *^‘e?**  * *12*  * *22^ 

■ 0 • a^jjc*  ♦ (4a^j  t ajjjx  ♦ (a^j  ♦ 2ajj) 


Ihua,  a^jg  la  arbitrary,  - -4a^g,  * '“l?/*  * *®o2' 

Conaequantly, 

(5.E17)  yj  . a^gX®  - 4a^jX  ♦ 2a^j.  a^2(x^  - ix  * 2). 


^3  ■ *o5**  * “iJ**  * *2S*  * *S3’ 
^3  ■ ^o/  ‘ * *2S> 

^s’  ■ ®*o5*  * **1S> 


yM' 


5(2)tl) 


Equation  of 


povora  of 


equation  (5.E1S)  yielda 


- (lOSa^s 

* 

(S.EIB) 


5 - *"o5  * ®*oS  ® ° • *oS  ■ °* 

5 * ^oS  ■ ^*13  * *®o3  * ®*1S  ’ ®**o3  * ’*13  " ° 

*oS  * ^*13  ~ *33  *^*13  * ^*33  * '^*oS  * ^*13  * ^*33 


arbitrary,  a^j  - -9a^j,  a^j  . (lOSa^j  - 4aj^j)/a 
Ma„3)/8  • ISiH,!.  *33  ■ <-*6*oS  ' *33’^ 
lSa^^/9  ■ -9a^j,  Conaaquantly, 


4(S)(3)  . 38. 


EquBtlon 


(S.E12)  yialdc 


• 0 • . 0. 


’*’o4  - *®14  ' “-®*o4  * ^®*o4  - ®H4  * ■‘®04  * *®“14 


-^«»04  • ^hi  - *’*®o4  * ®*14  - ®“24  ‘ ®‘14  * 


• -8643^,,  ♦ SSa^^  . ESaj4  . 0, 


■»“«o4  - “®*14  ♦ 1«S4  * *«24  - »S4  * '*24  * *®^54 


Thus  8^  is  srMtrery,  . -I8804.  »Z4  - (8646^4  - BS»i^)/26 

* t®®*®o4  • 63(-168g^)]/2S  . 72Sj^,,  Sj^  . (-8768^,4  * lOBSj^ 
-4ag4)/27  - 1-S768g4  * lO0(-18s„4)  - 4(788^) V«  - -08.54, 

844  - (-58.14  - ^*4)/*®  • (-58(-16a54)  - (-96844)1/86  . 84.54, 

Consequently, 

<S.E19)  yj  - 854*^  - * ’8»o4=^  - ♦ 84.54 

. .54(n^  - I61®  . 78*®  - 96X  . 84). 

Purther  solutions  y , n ■ 8,6,7,  *••  , c«i  be  determined 
in  . siisll.r  nviner. 


orthogonal  system,  with 


CKAPIER  VI 


SOIOTIOHS  IN  THE  INTENITE  INTERVAL 
Iha  Infinite  Interval 

HiB  fimdaDeotal  interral  [a,p]  nay  ojctend  to  ijifinity  in  both 

of  the  Might  function  w(*)  Kill  detemina  the  forms  of  the  coefficients 
P,  Q,  R,  S,  T,  and  U of  the  differential  equation  Cl-23). 


Ihe  Vfeight  Function  w(r) 

Since  Ihe  cosfflolonts  P,  8,  R,  S,  I,  and  II  are  polynomiela, 
they  do  not  sanl^  at  ^ co.  Ihua,  orthogonality  conditions  (i),  (11), 
(lii),  (r),  and  (ri)  retjuire,  respectisely,  that  a(i),  “'(x),  «”(*), 
and  v'^(x)  esch  vanish  at  j eo.  Conditions  (vii),  (vlii), 
and  (in)  again  require  that  w be  a factor  in  earfi  case  of  the  ri^t 

function  in  uhich  the  denominator  divides  the  numerator. 

Consider  a choice  of 


(8.1)  yie 


(6.8) 


. 8h(8hx®  - Ue"*"*, 


. 12h‘ 


,-hx^ 


. 4h*x(-Shi*  . 5)e"^, 

w^’'  - laVe'^  - . laV 

. ®*(4h*x'*  - ISQix^  * S)a-*^, 
w’  . -Sa^xV^  . 160hVe-*“'  - 1»1 
- a=*(.4hV  . ZOhx^  - IS).-"**. 

Hras,  for  h > 0,  a uelght  function  u ■ a""* 
oa  orthogonality  conditions. 


¥ . 0""**,  condition  {»li)  requlrea 

B-iuc^s  , 2(b-"**r)i  . S(o-h**P)>'' 

¥ 2(-2h*o-"**H  4 a-"**R')  - 5(ia^xa-"*®P 

_aa-haS'  - . iaV.-"*"F' 

4B-"*S”’), 


(6.7) 


30hP’ 


S H .4h*H  * ZR'  . 60h*:tf  ♦ 

. 40h*x^  - 6CSi*x*P'  ♦ SOhrfii  - SP'". 

R ' AjjX*  ♦ A^x®  • Ajx*  » Aj*  . A^.  Hen  equation  (6.7)  become 
(6.8)  S ■ -4hx(ijX*  ♦ A^x’  ♦ Ajx®  . Ajx  + A^)  . . SAjX® 

. ZAgX  ♦ Aj)  - eOh^O^x®  ♦ O^x®  ♦ Cj^*  ♦ CjX®  * 

. CgX  * Og)  ♦ MhCeCj,!®  ♦ 5CjX*  . ACgl®  - SCjZ*  . SC^x 

. Cg)  ♦ «Ji®x®(CoX®  ♦ C^x®  ♦ C^*  t CjX®  . C^x®  . CgX  ♦ Cg) 

- 60h®x®(6C^®  . SC^x^  + 4C^®  ♦ SCjX®  . ZC^x  * Cg) 

. 30hx(30C^^  . ZOCj^x®  * IZCgX®  * SCjX  . 2C^) 

- S(lZOCj,x®  ♦ 60CjX®  . ZACjX  ♦ 6Cj) . 

Since  S is  a pol/nonlal  of  degree  three,  at  next,  the  coefricients 
of  3^,  X®,  x*^,  X®,  X®,  and  x^  Iji  the  ri^t  nember  of  equetlon  (6.8) 
oust  reniah.  If  the  coefficient  of  vaniahes,  then  40b®C^  w 0, 
idiich  Ijcplies  C^  ■ 0 since  b > 0.  If  the  coefficient  of  x® 
ranishea,  then  A0h®C^  • 0,  ibiich  ijnplios  ■ 0 since  b > 0. 

If  the  coefficient  of  ranishes,  then  40h®C-  * 0,  which  iji^Iies 
Cg  ■ 0.  If  tho  coefficient  of  x®  raniahes,  then  40h®Cg  ■ 0,  wiich 

-4hA^  + 40h®C^  ■ 0,  iAich  iji^lies  A^  > 10b®C^,  If  the  coefficient  of 
x^  rani^es,  then  -4hA^  + 40h®Cg  - 0,  which  inpliee  A^  ■ lOh  Cg. 


(6.9) 


(€.10)  R » lOh^C^jc*  * lOh^CjX*  ♦ . AjX  ♦ A^. 

Tlia  eoafficient  S is  nov  dsfijwd  iy  squation  (6.7)  with  tho  axpres- 
aioDS  for  P and  R taken  frco  aquatloos  (6.9)  and  (6.10). 
Orthogonality  condition  (^iii)  requires 

e-luc^  a (e-h**T)'  - (a-*^)'"  * 3(8-““^) 

■ e'*’**[-9hiT  •.  T'  - ia*xR  4 «iR'  4 8h*x*R 
. 12h*x^i  4 6hxR"  - R”’  4 5(-lZ0h®xP  4 60h^' 

4 - 9Mh’x*pi  4 laih^iP'i  - 3Zh*x®P 

4 B0h*x^'  - 90h®x*P")l, 

(6.U)  « » -aixT  4 T>  - 18h*xR  4 6hB'  4 Sh^i^R  - 12h^x*R'  4 6hxR" 

- R”>  - S93h*xP  4 180h®P'  4 «0h^®P  - 7a5h’x^' 

4 SeOh^xP"  - 96h®x®P  4 ZAOh^xS'  - 240h®x*P”  . 

Let  T ■ 4 ^ B as  defined 

by  equations  (6.9)  and  (6.10),  aquation  (6.U)  becomes 

(8.12)  U ■ -2hx(Box'  4 BjX  4 B^)  4 (2B^x  4 B^) 

- 12h^lQh*C.,i*  4 lOh^Cjx’  4 AjX*  4 AjX  4 A^) 


. 6h(40h®CjX®  * SOh^Cj*®  . ZAjX  . Aj) 

. aii*x*(101i*C,x*  . lOh^CjX*  . . Ajx  ♦ A^) 

- 12h*x®(«h®C^x*  . SOh^CgX*  . 8Ajjx  . Aj) 

. 6hx(i20h*C^x^  ♦ eOh^CjX  * SA^)  - (240h^:,x  . BOh^Cg) 

- 560h^(C^  . CgX  * Og)  » IBOh^tSCgi  * Cg) 

. 48CfcV(C^X*  . CgX  ♦ Cg)  - 720hV(MgX  ♦ Bg) 

♦ JKft^xCzc^)  - aa^x®(c^i*  ♦ Cgx  ♦ Og) 

. 2Mh^^aCgX  * Cg)  - 2«hV(2C^). 

SiA&o  U le  a first  degree  polyundal,  ttie  coeffielente  of  ip,  x®,  x®, 
x^,  X*,  and  x^  in  tlie  ri^t  BiODber  of  equation  (6.12)  must  vanish.  If 
the  coefficient  of  x*^  vani^eSj  then  fiOC^h®  - 96C^h®  ■ -ISC^h®  - 0, 
ubich  implies  C.  ■ 0 since  b > 0.  If  the  coefficiant  of  x® 
vani^ea,  then  SOCgh  - 96C^  ■ -16Cgh  ■ 0,  tdiich  ia^lies  Cg  ■ 0, 

If  the  coefficient  of  x®  vaniehee,  then  8Agh  - 96Bgh  • 0, 
tffiich  implies  Ag  > 12Cgb®.  If  the  coefficient  of  x^  vanishes,  thee 
6A^®  ■ 0,  tdiich  implies  Ag  * 0.  If  the  oooffielent  of  x*  vani^s, 
then  -2B^  - 12A^*  ♦ BA^h®  - 24Ajh*  « ASOCgh*  . 0,  or  - AAgh^ 

♦ 2«C^®  - IBAgh  . 4A,h*  » 2400^®  16(12Cgh*)h,  or  . 4Agh* 

♦ 24Cgh®.  Finally,  if  the  coefficient  of  x*  vaniahes,  then 
-2B^h  m 0,  idjich  impliea  - 0.  Hence,  equations  (6.S)  and  (6.10) 
become,  respectively, 


(6.1S) 


(6.14)  R - . k^. 


Equation  (6.7)  can  now  be  written 

(6. IS)  S ■ -teR  * ZB'  - eOCgh*»  - 40Cgh’x*j 


(6.18)  D • -ZImT  . T'  - ia*»a  4.  QlB'  * 8h’l®H  - IHh^^S' 
* atf  I ' - seoc^**  * 4B0Cghfx®  - 96CghM, 


(6.17)  T . (4i/  4-  Z4Cgh*)x«  4 Bg. 

An  aoq>rBssion  Sor  Q nay  now  be  obtained  ter  application  o! 
ortiiogonallty  condition  (ix),  *4iioh  requires 

e-hx*Q  , s(e->«^)'  • 5(CgO-*^)'  ■ ^^(b-****)' 

a -60^"*“^, 


(6.18)  Qa-eCglix. 


Hie  ranaining  orthogonality 


following.  Since  \S  * e"*“  Cg  • 0 et  ± c»,  condition  (1)  ie  satle 
fled.  Since  (wP) ' * -ZCghxe-*^  .0  at  . eo.  condition  (ii)  ia 
eatlsflad.  Slnco  (li-)"  • -SC9ha-*'=^(l  - Zhx«)  .0  at  4 eo, 

IB  eatiafied.  Slnco  -Ol  - («f)”  • e-*^lR4ZC^(l-Zii*2)'I.O 


condition  (ili) 


at  ± CD,  condition  {Iv)  is  satisfisd.  Sines  (»R)'  - 3(rf)"i 
■ s''^[(-aKR  » R')  - SClZC^^  - ec^^x*)!  .0  at  > <»,  condi- 
tion (t)  is  aatiafied.  Since  wT  - (i«)"  t S(nP)^’'  - s-*>**[T  . C-ZhR 
. 4h^*R  - 4hxRi  . R”)  ♦ 5(1ZC^*  - 48CghV  ♦ ISCghV)]  .0  at  j cc, 
condition  (vi)  ia  aatisTied, 

Equations  ($.18)  throng  (6.1$)  constitute  the  tolalily  of 
restrictions  imposed  on  the  coefficients  P,  0,  R,  S.  T,  and  U 
the  nine  orthogonality  oondltlons  for  the  infinite  Internal  with 


tts  ohoioe  of  v(x)  . e'*"  , lAare  h > 0,  uiU  sores  as  a 
ueight  function  In  tie  orthogonalisation  of  the  solution  set  (y  1, 
n . 0,l,e,  ...  , represented  by  equation  (l.a)  of  tho  differential 
equation  (1.83)  over  the  interval  (-ee,co). 

Jhis  choice  of  u(i)  imposes  the  following  definitions  of  the 
eaefficients  of  equation  (1.28)  in  the  satisfaction  of  the  nine  orthog- 
onality conditions. 


R ■ IZJh^x*  * a constant. 


I ■ (4A^ 


r'  - izh^  * a*' 


- * 8h>S"  - 560tt®x  * 480ai^x* 


Exacpla  of  the  InJinlte  Intarral 


(6.EL)  V , e-**, 

(6.E2)  f .t  ^ 0, 

(8.ES)  Q ■ -6K*, 

(6.E4)  R » iZIX^  . A^, 

(6.B5)  S S'  * A,)  . 2(2«x)  - 60Kx  * 40Kx* 

« -8Kx*  - 4(A^  . SK)x, 

(8.E8)  I a . 24K)x*  . Bj 

■ 4(A^  . 8K)x^  * Bj, 

(6.E7)  a » -e(A,  ♦ 8K)x*  - 2BgX  . 8(A,  * 6It)x 

- l£i(ia[x*  . A^)  ♦ 6(B4Kx)  ♦ 0x®(12Kx^  * A^) 

- l«x*(24Kx)  t 6x(24i;)  - S60KX  * 480Kx*  - SSKx® 

■ -2(2A,  * Bg  * ia)x. 

(6.E8)  - 6K15’  . (12lti*  » * ^^*4  * ' 

. [4(A^  * 6K)x2  . Bjly”  - 8(aA^  » Bg  ♦ ia)xy;  . Vn  * 


Solutions  oT  the  fora 

{6.E9)  y„  - *o„  ’‘  °> 


N. 

>"«  ■ «on*"  ‘ -■  * «nn>  “on''  ° 

(.4A^.«Bj-2«)x 

K ■ “on*"’^  . • • • ♦ ^ 

4(A,.6i;)r®»^ 

y”  . n(n-l)a^„j?’‘®  » •••  ♦ 2an-2,n 

-8Kx®-4CA^*Sl!)x 

y^”  . n<n-l)(n-2)a^i^®  t ...  * 6«n.3_„ 

laKx^Uj 

yi»  . n(n-l)Cn-aMn-3)a„^<  * ...  . 24a„.,_„ 

-61!x 

yj  . n(ii-l)(n-2)(a-3)(n-4)a^rf>-5  4 ...  * l»a„.s^„ 

■ 

■ n(a-l)(D-8)(n-3)(fi-4)(n-5)e^a^*“®  ♦ ...  ♦ q jj 

The  hipest  power  of  x uhlcb  appeara  is  n.  The  coefficient  of  la 

[ijj  - (4A^  ♦ 2Bj  * 84K)n  ♦ 4(A^  ♦ 6R)dCd-1)  - 8Kn(n-l)Cn-2) ]a^  . 0. 
Since  a^^  / 0, 

(6.EXQ)  Xjj  . n(lA^  . * 2M  - 4A^o  - 24Xn  * lA^  . S« 

• BKn^  - 24Kn  > 16K) 

. 8n[4Kn*  - S(A,  * 12K)n  -»  (4A^  * ®i  * ***)  1 • 


DiB  choices  of  1C,  A.,  and  B*  ere  erbitrary,  with  the  exception  that 
K pC  0.  hanea,  choose  X ■ ^ « -B,  Bj,  ■ 0,  and  thus  sln^lify 

(8.E11)  \ . Bn(n*  - Bn)  - 

Division  of  equation  (6, EC)  by  K and  substitution  of  X ■ ^ , A^  • -B, 
and  ■ 0 in  the  result  yields 

(8.51Z)  - 6*7^  -f  (12x*  - 8)^’  - (8x®  - 

- ax^n  ♦ ERy^  ♦ 

(e.ElS)  ^ . Bd*(n-Bl . 

For  each  choice  of  n,  n e 0,1,2,  >••  , the  value  of  is 
detemined  from  equation  (8.E1S),  and  a polynondal  solution  of  degree  n 
of  eqoation  (6.E12)  can  be  obtained.  Ihe  detendnatlons  of  e few  of 
theee  aoluiione  follow. 


(6.E14) 


erbitraxy. 


■ *01’=  * *11' 


- -e 


do  that  equation  (B.S12)  baccmes 


!Qiu5,  is  arbitrary  and  a^  ■ 0.  Consequently, 


72  . a^«  * a^  . agj, 

yj  - £a^gx  . a^2. 


y'i  • *“oa' 


. 8(4)(0)  . 0. 


BO  Uiat  equation  (6. £18)  baoomas 

-Iba^jjc^  . 8x(2aj^gX  * a^j)  * * aij»  • Sjj) 

■ ° • ®o8**  * ®*12*  ♦ 0 ■ *22  • 0- 


Thus,  is  arbitrary,  ■ 0,  £22  is  arbitral^.  Consequently, 

(8.E16)  yg  . Sjjga*  . agg. 

Let  n « ?■  Then 

>"5  - ®o3*®  ‘ ®1S**  ♦ «as*  * «SS' 

y's  • 3*03^  * * >as- 

’'3  ■ ®®o5*  ‘ *“l3’ 

yj"  - 6853, 

I3  . 8(9KU  . n. 

Equation  of  like  powers  of  x in  the  differential  equation  (6.E12) 

”^®o5  " * ^^^o5  * *^^o3  ^ ^oS  * 

I^s  -16=15  ♦ 16=15  * ’6aj^S  * ’’6=15  ■ °> 

* ‘ ^*°®oS  * ®*SS  * ’^"25  * ^®‘oS  * ®°=a3  ■ °* 

x»i  72aj5  . 0. 

Thus,  is  arbitrary,  8^3  ■ 0,  8^3  ■ - Sa^g/S,  833  ■ 0.  Hence 

^8  • ®o3<*’  ■ t*’- 


(6.S17) 


^4  ■ *o4*^  * «14**  * * ‘M’=  * ®44’ 

y'i  • «"o4*®  * ^14**  * *^4“  •*  *54’ 

»-l'  - ^ • =‘'■24- 

y-  .244^x,6«^^. 

yf  - ^^^4- 

yV  . y»i  . 0, 

l4  . B(16)(S)  . ise. 

Equation  of  liJco  [lowers  of  x in  equation  (6.E12)  yields 


X®:  -40814  ■ *®*14  * ^‘*‘14  * 25Sa^4  ' ^®4*14  ■ O' 

X*!  *0®8jj4  * 4808,54  ■ ^^E4  * ^®*S4  * *®®*S4 

■ 7608^4  t 258424  ‘ 

X I 1®8^4  * 8Sj4  * 2S8sj4  ■ 1208^4  ♦ 264aj4  . 0, 

x«:  -1928^4  . 258844  ■ 

Ibus,  8^4  is  arbitrary,  .8^4  .0,  8^4  • -Sa£,4i  854  " 0. 
844  ■ 8844/4.  Consequently, 

y4.8^4(x4-&2.|). 


{S.E18) 


iitioos 


dfl  tannin 


Bat  be  cooaldered  as  enalogoua  to  a set  ot  Hennita  polynoolals. 
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